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If we fix a term order leq on Kleftx1ldotsxnrightS IsubseteqS on

ideal the initial ideal of I w r t subseteq

inleqleftIrightleftlangleinCleftfrightfinIrightrangle
this led us to grabner basis and solved

Detect when VleftIrightvarnothing ideal membership problem

computeprog closures

Compute K0leftFright using elimination

Main Question

What does in leqleftIright have to do with I algebraically

What does VleftinleqleftIrightright have to do with VleftIright



leftsimPnrightSIKleftX0ldotsXnright

The standard grading on S is a decomposition of S as

an obelion group

Scongdgeq0Sd
where

SdK vector space spooned by monomial

of degree exactly d

i.e every FinS can we written uniquely as a finite seem of

elements in Sa for forging d

with property that

SdcdotSesubseteqSde

we call elements of Sa hang of degree d

x2y3notinS2 or s3x2y2inS2
X21inSd for any d

Def An ideal IsubseteqS is hang iff every element finI

can we be written as a sum of it hang pieces contained inpm

Icongoplus_dgeq0leftInSdright



Lemma If IsubseteqS is homogenous if

leftSIrightdleftoverlinefinSIfinSdright
then as IH vector spaces

leftSIrightdcongSdId
where IdInSd

Cor SIcongdgeq0leftSIrightd ons a graded ring

Ex lkleftxrightleftlanglex1rightrangle then overlineXoverline1 does overlinex have degree

1 or deg 0 Cont hopperwhen I is home

Def Let IsubseteqS be a homogenous ideal

1 The Hilbert Function of SI is the function
HS I

mathbbZdimIKleftSIrightd
mathbbZgeq0

d1

2 The Hilbert series of SII is the formal generating fuction

HSSIlefttrightsum_dgeq0HSIlefttrighttd
Note dimkleftSIrightddimIleftSdIdright

diminSddimInId



Lemma i

Hsleftdrightleftbeginmatrixnddendmatrixright mononials of degree
in n1 variables

2 If finS is hong of degree e and fneq0

HSleftlangleFrightrangleleftdrightleftbeginmatrixnddendmatrixrightleftbeginmatrixndenendmatrixright

Ex If CleqVP2 is a phone conic ie CVleftQright

For QinmathbbRleftxyzright home nonzero deg Z the

Hcleftdright2d1

Thm If IsubseteqS is homy and leq is a mononial order ons

then

HSIleftdrightHS ina leftIrightleftdright foralldgeq0

Thm If IsubseteqS is a homogenous ideal then there exists

a polynomial PSIleftdrightinmathbbQleftdright such that

HSIleftdrightPSIleftdright foralldgg0

Moreover if VleftIrightsubseteqPn has dimension r then

PSIleftdrightfracdegleftIrightrdr love order terms



The polynomial Ps i is called the Hilbert polynomial

Cor Reimon Roch If IsubseteqS defines a curve then

PSIleftdrightdegleftIrightd1Pa
where Pa is the arithmetic genus and if the curve is smooth

Pa9 the geometricgenus

Def Fix overlinewLeftarrowleftw0ldotswnrightinmathbbZn1

WfracwleftXoverlinearightoverlinewcdotoverlineaw0o0ldotswnon

For a polynomial fsumcalphaXi

Woverlinewleftfrightmaxleftoverlinewcdotoverlineacoverlineaneq0right
This is not

necessityo mononieinfracomegaleftfrightsum_overlineacdotoverlineomegacoverlineaxoverlineaWoverlinewleftfright
inoverlineomegaleftIrightleftlangleinoverlineomegaleftfrightfinIrightrangle



Given a polynomial fsumcalphaXfracalpha define

widetildeflefttx0ldotsxnrightsum_alphacalphatWoverlineomegaleftFrightoverlineomegacdotoverlinealphaXoverlinealpha

tWoverlinewleftErightFlefttomega0x0ldotstomeganxnright

overlinewleft100rightEx D fxyz2
widetildeFxytz2

inoverlinewleftFrightxy
t0rightarrowxyinoverlineomegaleftfrightt1rightarrowxyz2f

overlinewleft110rightthetax2yz

widetildegx2tyz
in w̅ leftgrightx2

t0rightarrowx2inoverlinewleftfright

t1rightarrowx2yztheta

By introducing the variable t we built a family

of varieties over At1 withe f ibers being varieties in

the variables x0ldotsxn ie subvorieties of mathbbRn

P2
mathbbR2

Vleftxyright

Yleftxy1z7rightWleftxyz2right



vleftxyzright Yleftxyfrac12z7right

1

1tfrac12
l At

t1 t0

Thm Let IsubseteqS be hong and overlineomegainmathbbZn1 If Glefttheta1ldotsgsright
is a Grabner basis for inleqomegaleftIright then

tauleftlanglewidetildetheta1ldotswidetildegsrightranglesubseteqmathbbRlefttrightleftx0ldotsxnright

The fibre at t0 is N int leftIright

of every every fibre tsigma0VleftIright is sent to

ithe fibre by the change of coordinates xirightarrowaomegaixi

the standard monomials of inw leftIright form a Klefttright basis

of IklefttrightleftxotimesldotsxnrightI

In particular this is a flat family and the Hilbert fuction

polynomial is the same for all fibres


