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So for we have focused

Given Equations Algebraicvarieties

A big tool on the equation side Has been Grabner bases

Given finitely many points can we find equations

that satisfy them defining idea Interpolation

Given a pormeterization t1lefttheta1lefttrightldotsthetanlefttrightright

Can we find the defining ideal implicatization

When do porometeizations exist Rationality

distinct

Ex Given points a1ldotsarinK can we find polys in IKleftXright

defining sigma1ldotsalphar

Yes prod_i1nleftxoirightgleftxright vanishes exactly at sigmai

r



CRT
I leftlefto1ldotsorrightrightleftlanglethetarightrangleprod_i1rleftlanglexairightrangle

defines alphai

There is a map

ev Kn1K
227

leftflefta1rightldotsfleftarrightrightf I

l xx2ldotsxn1 l1ldotsldotslr
basis

lileftXrightprod_jneqiXalphajalphaialphajlileftajrightbegincases0ineqjdeltaij1ijendcases

General Answer Suppose XleftP1ldotsPrrightsubseteqmathbbRKn
Then pileftXrightprod_i1nleftlangleoverlineXpirightrangle

distinct

leftlangleX1Pi1X2Pi2ldotsXnPinrightrangle
If G is my Grabner basis for

mdlgwhtsquareleftxright and B is the std

monomials for G

evB mathbbDKrfracIKleftX1ldotsXnrightIleftXright
evBleftmjleftPirightright

where leftmjrightB



KnII Implicitization suppose F1Km

given by a 1 ranglelefttheta1leftoverlinearightldotsthetanleftoverlinearightright
where g1ldotsgninmathbbRleftt1ldotstmright

Hleftbeginmatrixt1ldotstnendmatrixrightF1KleftX1ldotsXnright
xi1 thetai

Question Can we find her F

RIkleftbeginmatrixt1ldotstmx1ldotsxnendmatrixright
JFleftlanglex1theta1x2theta2ldotsldotsxnthetanrightrangle Graph Ideal of F

VleftJFrightsubseteq1Kmnequiv1Kmtimes1Kn

leftleftoverlinealphaFleftoverlinealpharightrightoverlinealphainmathbbRmright it grogh of F

F
t1rightarrowt2 3mathbbRmathbbR

JFleftlanglext2rightrangle
X

t



Thm lTer leftFrightJFcapIKleftx1ldotsxnright

thismakessens both JF and Hleftx1ldotsxnright
are subset

IKleftt1ldotstmx1ldotsxnright

Rcdot
Thm Consider leftt1ldotstmx1ldotsxnright w LEX where

t1t2ldotstmx1x2ldotsxn If IsubseteqR is on ideal

and G is a Gribner basis for I then

Gnkleftx1ldotsxnright is Grabner basis I n hleftbeginmatrixx1ldotsxnendmatrixright

Elimination Theory

KEx Vleftu1rightsubseteqIk2 piVlefttu1right
u

leftutrightu1t
leftharpoondown

1mg leftpirightIkbackslashtauleft0right
t

But leftlangleforallu1rightranglecap1 HE tleftlangle0rightrangle

vanish on img leftpiright

Thm If 1K is infinite FleftIKmrightVleftKerleftFrightright

Iou Vlefty2x3xright has no parameterization



x2y21 Pleft10right

mathbbR2leftfrac1t21t2frac2t1t2right
mathbbR

t1

plug in ytleftx1right
Gives a bijection

If X and T are algebraic varieties a rational mop Y

is a function given on a nonempty open subset by rational equation

Two varieties X and Y are birrational ED rational mops bothways

that mutal inverses on opendense sets

A variety X is rational iff its birational Kn or pn

x2y21 is rational mathbbRmathbbCmathbbQ

Elliptic Curvey2x3x is not rational

P1

theta0theta1 IQ


