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Def Fix a monomialorder leq on IleftX1ldotsXnright If IsubseteqIleftx1ldotsxnright is on

ideal then the initial ideal of I with respect to leq is

inleftIrightleftlangleLTleftFrightFinIrightrangle

A Grabnerbasis for I with respect to leq is a finite set lefttheta1ldotsthetasrightsubseteqI with

leftlangleLTleqlefttheta1rightldotsLTleftthetasrightrightrangleinleqleftIright

ThreeQuestions Is every ideal in IKleftx1ldotsxnright finitelygenerated

i.e Ileftlangletheta1ldotsthetasrightrangle For some polynomials gi

2 D 1 Doesevery ideal have a Grobno basis

If a Grabnerbasis exist how can we find one

Thm Hilbert'sBosisTheorem Every ideal in Kleftx1ldotsxnright is finitely generated

Hilbert'sBosisTheorem E Noether If R is Noetherian ring then

R is Noetherian

every idea is f g or ACC on ideals



Notice every initial ideal inleq I is a monomial ideal

i e generated by monomials ideal membership
is entirelydivision

Lemma Dickson's Lemma If Asubseteq7Lngeq0 then A has finitely

many elements that minimal w rt the component wise partial order

Given AsubseteqmathbbZgeq0n we can form a monomial ideal

IAleftlangleXaainArightranglesubseteqIKleftx1ldotsxnright

COR Every monomial idea is finitely generated IA is generated

by the minimal elements of A

Thm If leq is a monomialorder and IsubseteqIKleftx1ldotsxnright then

I has a grobner bosis wit to leq

PF inleqleftIright is a monomial ideal

leftlanglem1ldotsmtrightrangleinleqleftIright w mi monomial Dickson's Lemma



There exists giinI w LTleftthetairightmi

conclude thetaildotsgt is GB

6 1

Def S Polynomials The S polynomial of two non Zero polynomial

f and theta is

SleftfthetarightleftcmleftLTleftfrightLTleftthetarightrightfrightcmleftLTleftfrightLTleftthetarightrightgLTleftfright

Thm Buchberger's Criteria suppose leftlangletheta1ldotsthetasrightrangleI
G

Then lefttheta1ldotsthetasright is a Grabner basis for I if and only if

remdg leftSleftthetaithetajrightright0

gives on algorithm for computing GBj

Ex Cffine Twisted Cubic mathbbRKrightarrowmathbbR3tleftrightarrowlefttt2t3right

leftlanglex2yxyzrightrangle1kleftxyzright
GB w r t GRevlex

y2xzx2y xyz

leftbeginmatrix1xyxyzendmatrixright 2times2 minors



Def Projective n space over a field 1k is the set of all lines

through the origin in Kn1 denoted P1nn

Pnxi lines thru theorigin of Kn1

1 dim subspaces of Kn1

leftmathbbRn1backslashleft0rightrightsim

where is the equivalence relation vsimw ED

vlambdaw for lambdainmathbbRx

Pnleftlefta0a1ldotsanrightright

where leftbeginmatrixa0a1ldotsanendmatrixrighte quivalence class of lefto0ldotsonright

leftlambdalefta0ldotsanrightlambdainKtimesright

Ex P2left100right and left200right and leftY00right are the some

Lemma There is a bijection

mathbbRn Psi0U0subseteqPn

left1a1a2ldotsanrightleftbeginmatrixa1ldotsanendmatrixright



U0leftleft1a1ldotsonrightright

Def A polynomial finmathbbRleftx0ldotsxnright is homgenous of degreed

iff every monomial in f hes degree d An ideal is homogenous

iff it can be generatedby homogenouspolynomials

Lemma Let F be homogenous of degree d and lambdainmathbbRx

fleftlambdax0ldotslambdaxnrightlambdadfleftx0ldotsxnright

Def If JsubseteqSIHleftx0ldotsxnright is a homogenous ideal

then define the projective variety associated to J

VpnleftJrightleftlefto0ldotsonrightinmathbbRnFlefta0ldotsonright0forallEinJright

Def If XsubseteqIKn is a variety the projective closure

of X is the smallest projective variety containing

psioleftxright where mathbbRnrightarrowU0subseteqmathbbRn

Ex XsubseteqIK3

leftlanglex2yxyzrightrangle1kleftxyzright
GB w r t GRevlex

y2xzx2y I xyz



KleftxyzwrightProjective Closure of XsubseteqP3

W1P3leftJright for some homogenous ideal Jv1

Jleftlanglex2wyxyzwy2xzrightrangle

projective twisted cubic


