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Review we are interested is solving systems of polynomialequations
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Cor If IKoverlineIK then VleftIrightvarnothing if andonly if 1insqrtI

if 1inIsubseteqsqrtIRightarrowVleftIrightvarnothing

Ideal Membership Problem Given on ideal Isubseteqlnleftx1ldotsxnright and

f E Kleftx1ldotsxnright how can we determine if finI
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Solutions If I is generatedby linear poly and f linear
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Input f and theta

Output Z and r

Process PF and z0
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Car Every ideal in lkleftxright is principal i e Ileftlanglethetarightrangle

F inleftlanglethetarightrangle D the remainder r0
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This is not principal D Divide by lists
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what is the lead term

Needextradata to define lead terms

Def A monomial and leq on 1k leftbeginmatrixX1ldotsXnendmatrixright or on mathbbZgeq0n
is a relation leq on the set of monomial a relation

leqmmathbbZgeq0n such that

I is strict well aideleq is strict total order

m1leqm2m1m2m2leqm1

if m1leqm2 and m is

monomial then

mm1leqmm2

alphaleqbeta then agammaleqbetagamma



well order E well ordering

everysubsethoso min dem

there are bijections

Ex Lex alphabetainmathbbZngeq0beta Lex a iff left mostentry

of alphabeta is positive

Groded Le B greex a Iff sumalphaigeqsumBi

or if sumoisumBi
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for any FinmathbbRleftx1ldotsxnrightWe can define LTleftfright
iwith respect to a memaid aide c

Thm Given a menialorder leq on lnleftbeginmatrixx1ldotsxnendmatrixright and ordered list

lefttheta1theta2ldotsthetasright of non zero polynomials there is a division

algorithm such

input finmathbbRleftx1ldotsxnright and leftbeginmatrixtheta1ldotsthetasendmatrixright

output leftZ1ldotsZsright and r

such that
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No monomial appearing in r is divisbde

by tht leftthetairight for all i

Depends on both leq and the cider of the list

Cor If remainder r0Rightarrowfinleftlangletheta1ldotsthetasrightrangle

Def Let leq be monomial aide on lnleftx1ldotsxnright If I

is an ideal The initial ideal of I w r t leq
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fneq0

Inc I is a monomial ideal

if Ileftlangletheta1ldotsthetasrightrangle it can be the case
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Def Let Isubseteqkleftx1ldotsxnright be on ideal and leq be a monomial order

wedge finite list Glefttheta1ldotsthetasrightsubseteqI is a Grabner basis for

I wrtleq if and only if

leftlangleLTlefttheta1rightldotsLTlefttheta5rightrightrangleinleftIright

Thm Let pmsubseteqlleftbeginmatrixx1ldotsxnendmatrixright be on ideal Glefttheta1ldotsgsrightbe

a Grabner basis for Iw1tleq

1 If finI and remainder of f divede G Is 0

the finI

2 EinILeftrightarrowremGleftFright0
3 leftlangleg1ldotsgsrightrangleI

Questions Do Gribner basis exist Can find them

What is the geometry of initial ideals
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