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Computational algebraic geometry is an approach to the

study of systems of polynomial equations thats seriously

and is informed by computations

By hand and By Computer
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W direction Is asking us to solve a system of polynomial

equations For example

begincasesf1x2y0f2x2y210endcases
Does any solution exist

Can we find all the equations that hold on everysolution

Is the set of solutions finite Pas Dim Multiplicity
Do the solutions break into nice pieces

Which solutions can be parameterized

Def If taursubseteqkleftx1ldotsldotsxnright The vanishing set of F is

V1kleftmathcalFrightPinmathbbRnFleftDright0 for all FinF

Note The set 7 can be arbitrary

It depends on the field 1K VmathbbRleftx21right vs VmathbbCleftx21right
When the field is clear we write VleftFright

Def A subset of 1n of the form VleftFright for some subset

Fleqkleftx1ldotsxnright is called on algebraic set algebraic variety



Lemma I VleftmathcalFrightVleftleftlangleFrightrangleright
2 If FsubseteqS then VleftFrightsupseteqVleftdeltaright
3 WleftfthetarightVleftfrightcupVleftthetaright

By 1 above nabla
gives a mop of sets

V
algebraic
varieties
in IK n

ideals in

Kleftx1ldotsxnright

I VleftIright

Ex VmathbbCleftxrightleftoverline0right
VmathbbCleftx2rightleftoverline0right

More generally if pinmathbbRn then leftfleftPrightrightk0 ED

fleftPright0 since fleftprightinIK and 14 is ofield

Def If IsubseteqIkleftx1ldotsxnright is on ideal the radical

of I is

sqrtIfinmathbbRleftx1ldotsxnrightfkinI for some kgeq1
We say I is radical iff IsqrtI



Lemma 1 IsubseteqsqrtI

2 If I is on ideal then sqrtI is on ideal

3 VleftIrightVleftsqrtIright

Thm Hilbert's Null stellensatz If 1k is algebraically closed

then the mop of sets I veeLeftarrow1 gives a bijection
W
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in 1Knin Ikleftx1ldotsxnright

Def For any subset XsubseteqKn its vanishing ideal

rrbracketleftXrightleftfinleftKleftx1ldotsxnrightrightfleftPright0right for all pinX

Lemma 1 IleftXright is an ideal

2 fracpileftxright is a radical ideal

3 XsubseteqY then pileftXrightgeqpileftYright
4 XsubseteqVleftIleftXrightright
5 VleftpileftXrightrightX iff X is algebraic variety

N
dg varietiesradical ideals
in 1Knin Ikleftx1ldotsxnright
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Thm HN II If IH is algebraically closed and mathcalFsubseteqIleftx1ldotsxnright

and VVleftFright then

T IleftVleftTrightrightprodleftVrightsqrtleftlangleIrightrangle

Thm Hilbert's Nullstellensatz If 1k is algebraically close

then X and II give mutal inverse inclusion reversing bijection
W

dg varietiesradical ideals
in 1Knin Ikleftx1ldotsxnright
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