
 

ecap : In lecture 4 , we learned

=
p= [brP"

: bn =30 , ..., p-13]
n >,0

=> [Canze7 pr2
: ant1E an mod pu

Jan (n2, 15->
[ bu ph

~-I
m>,0

an = [bip" mod ph
bo = a 1

,
bn = (an +1-an/ph

I = D

& = Frac(p) = &[brp" : brEh0 ,..., p-11]
n >,1 RED

& When does a quaternion algebra (a , b) & Split

over Q ? (i.e., when does ax+ by
2

= 1 have a Q-pt ?

&: Since Q2R
,Qp Up splitting over Q =

splitting over 1R
,
Qp

.

ay : The converse ! We need a bookkeeping tool
.
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Recall that over1R
,

this amounts to checking
whether a or b are > 0

,
i.e.

if a ,
b < 0

lacblx = - 1S
I other wise

I

It turns out that for odd primes p ,
there is also

a straightforward condition to check .

Note : If pla and plb ,
we can reduce to one

of the cases above. Lecture 2 tells usJa ,
b>

p

depends only on a
, b up to squares. So we can

reduce to a= pa' , b = pb' w/ptab'. Then
-Lecture 2 tells us that (pa', pb') = Jab'pa')

& Q~
-

not
divisible by p .

Why does this work ? One needs to understand

square classes in Qp. "

Note that for IRY/URY)2 the coset reps are [1
,
-1)

.
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Some of the ingredients involved :

11) Let uzTp .
Recall this means U== brP" w

M2/ o

bo70
; i

.
e., pre

Then in the exercises you'll show thatU is

a square in Ip iff its reduction mod p
is

a square in I/P1 .

(2) Square classes in Qp:)for oad p) :

&pY/Qp) has only 4 elements : coset

reps are [1
,

U
, p . pu) where he is a nonsquare

unit inp

13) The Hilbort Symbol (a, blp depends only
on

the square classes of 9 , b in QpY. So

need
,

only to determine the Hilbert symbol

for pairs from the finita list 12 , U
. p , pul.

= (p. p)Qp = (p , -1) Op by Lecture 2.

Let's consider px2-y2 = 1 over Qp .

If -1 is a square mod p,
then by 11) ,

-1 is a

square in XpY , say y2 = -

1
. So (0 , y) is a soln

.

conversely , if (Xy) is a solution in Qp,
then by

computing valuations
,

one finds X , y- >Ap .

Reducing mod p gives y*E-1 modp . Sobyl,- I is a square in Ip > (1) = O

~p (px2-y2) = min(1+ 2vp(x),
Zuply3Thus Sp,plp = (p ,

-7)
p

= J) . Soup,p'y)20 .
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Back to our main goal...

=> I is immediate since Q [ R
, Qp. The

converse is a deep result !

In other words (a .b)& Splits iff (a ,b) and

La
, b) Op splits for all p.

Let's apply this result to an example :

Does the equation 3x+5y = 1 have any solutions

in Q?

We now know we can study the quaternion algebra
(3

,5)Q. We'll start computing Hilbert symbols.

Recall that we need only to check IR
, Q2

,
and Op

for p dividing a or b.

· v = A : (3
,
5)x = 1 since 3

,
5 > 0. There are

lots of solutions over 1
.
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· p = 3 : We have 375 but 313 ,
and V3(3) =

1
.

1 I

so (3 ,51 = () = (E) by rules of Hilbert symbol .

Since 2 is not a square mod 3
,

this tells us

(3
,53=orie

., 3x2+5y2 = 1 has No Q Solns.

This tells us that 3x4+5y2=1 cannot have any
solutions over Q !

1 he contrapositive says that if A
,
Al

have different splitting behavior for even just
one prime p ,

then they cannot be isomorphic
over Q.

Fea : Consider the family of algebras
Ap = (-1 , pla for PE3 mod 4.

.
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· (-1
, plp = 5) = -1 so Ap is nonsplit

Over &
p

· IfGp is a prime w/ gE3 mod 4
,

then

Exercise 5 . 19 asks you to show that

Ap splits oven Qg .

·

conclude that Ap and Ag are not isom
over & when PF8.
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