|_ecture B

Recap: T lacture 4, we learned
[ bnp” ¢ bacfo, ., p-tl]

nN>yo

= [ (e e Zrz °
hos4

N
]

Un+s = Gy Med Ph.l

Ans Z b’c\"""‘" P bo= &1, bn=(anes -q“\/fh

| = g™ b€ o, --~>F"‘\\

Q.? = Froc LZF) = ho k. *eZ

Q: When does o quaternion a\qQlbr o (oued, spirt

over QA7 (i.e.., when does ax*+ bx(':.‘i_ hove < (D..-Pt'?
Rm\( . Since Q_ S.IR,@‘- V’P SF\:'“'ir\s oveaer & =

spiinng Sver R, Q.

Tedoy * The convevse !l we need oo boow Keeping fool .

bef Let VvV deneste cither o prime p or oo. For

a,lb e @™ the Hilbery symbel (a,b)y ei-1,1]}

is def‘hc.d b‘ﬁ
. 2 2
(q.,b),, ={ +1 if ox-.-bj =1 bhaos a sa\n in QV

-1 if axs bg"—‘-i hos No soin in Qy

Where @ :=R.
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Recan +hat over R, this omeunts to chaclkmg-
Whether O ©oc b ave >0, .«

(a,8) e ={-1— i a,2<O

4 other wise

T+ turns oot That for odd primes p, There is ako
o. stroightfeorward cordition to chack.

Computational rues feor (Q,b\‘,:
Letv P be an odd prime and a,o b& nonero
’ln-\-ese.rs.

1. If pYo ond prb then (o,b)p =+1

2. If P\a avrd P*b write o.=p o../ w here
"l-_ \/FLa.\ (and .P—\’o-) Then (o, b)P (.—3

Wheve %\ is ‘o Laae'r\dre symbeol.

Note: I§ pla ond oP\b, we con reduca to one
of the cases above. Leckrure 2 tells us (Q,b)P
deperds eh'\\a on O,b vp ‘o sqv ores. So nwa can
reduce +to o= PoJ, \::P\o’ W) ff\' o/, v, Then
Leckure 2 A\ ’ ’ _ 2y

evure Fel\'s us that (pos po \@{: ( Qb:?G'BQ

Why does this work 7 ©ne necdi to understong
. xX
Sﬂ‘\no.f& classeRS 'n @p.

Note thox for rR"/Qny- the coset reps ore fi,-l‘}\
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Soma of the ngredionts nvolvad:
A4

(i\) Let uezr". Recoll +his means W= bn Fn W/
h?/0
bo#0O, te., PYw.
Then ip the exercises \65\')\\ Show +heat WL IS
o 2quare in Z‘F iI$F its redvetrion mod ® IR Y
(< ﬁc‘uore " Z/Pl

(Q.') Squore classes In @ibx (-f-o\' od.d -P)!
@Fx/(a‘,* )3- hqs °“\& ‘l Q\Qmehbs . coteYr
Teps ore s i, w,p, pu\ HWhere W is O NoNnIQUeT

vr in sz

A

(2) The Hilker®s symbel (0,l)e depardt orly BN
thre 8 quovre classes o.s., Q% In &rx. S
need o«,\,‘5 4o daterminae tre Hu’\be\"t' Y ™ bel
\-Fg( porrs Frem tre -F-tn\-\-e- list \LL., U,Ps ?‘\A.\
Ex: (p FBQ? ~ (p,-1) @p Y Lecture 2.
Let's consider P‘xz— 32'-_- 1 over CDP

If -1 is o square mod p, then 5\3 Wy, —d1lisa
Sc‘vove tn Zr.x, 8:»\3 '\dzr_.—i. So (°"3) is oL soln.

Converse\y., if (. ) Is o selution in @, then Iotj

Computing valuations, one fHinds X,y € Zp.
Qe.ducinj mod P g'ves \Azi—i. med P- Se b‘a wy,

- k3
d ts = squore 10 Zp. Vel1)=0
Ve lp¥2-y) = min{142ve ),

Thus (P)P\P = (P:'J'B = (—i‘;—s . So thu),v,\.o)ao_zv'hﬂ
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Back + cuy main 3@0.\

Theorem (Hqsse—M‘mKowsKi For c.ontcs\

2
Let o, G—@.". A conic def-nnad ba Q""‘z"‘b‘a =1
hos o solution over QL iff i+ hos oo Sslution

over R ond over @p for every prime P.

(=) is immediate Since & = ‘R,@P. The

comearse is ocdeep resuvit|

In other words (a,b) g, =P's I (o,k), ond
(01\’)@? SP“"* 56( o\\ ?.

Lex's QPP\\& this result to on example:

Does the equation 2x*+5

32':1 rave Q.n\j Solutiens
n AQ?

We now Know we con ?\\:d\j the quovemon Q\gebra.
L’bag)&. we'w stark C.emP\rH‘na Hilveri: %\om\.a\s.

Recall that we need °“":j *o check ‘R, @2 Q“d@?
-FQ‘— ‘F e\lvid)nj S or b,

¢ V=0a: (3,8) =1 since 3,5 >O. There ore

lots Q_g sSo\wubtiors SNey ‘R.
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P=3% we have BYS bur 2|3, and va(a)=d.

s (23
So (.'5;5\3 = (_53 = (3) \;j rU\Rs o:“_ Hiverr S\mebl.
Since 2 is not oo squore med 3, this tels us

(2’)531-‘-‘1,,@., 3\(’-4-55,";.1_ hos No ®,3 so\ns.

This teus 9s that 3)(’-(-:;\02?,1 connet have Q\MQ——

3s\obions over Q@ !

Lermma : —f A,A' are isomorP\-\ic o‘vofemibh
o\ QReras over Q. , then ‘bhe_j Ore o\t o

\ 3o morphic over R avd (DP For il primes p.

The conty SPosifve says thov ¥ A,, A
hove dAlfferent sp\(\'\'ﬁnj banhawer for evan JUst
°he pPrne P, then -L‘ho.\a SAnnet be lsomorphic

ovyer Q.

Th°‘°r°m'° There exisk l‘n$u‘n?-\-@\.n mgnn
h\\r\—vo.\\.\& heh—\SbmovPla;c q\'q\v‘em\‘m\ q\aebms

over ..

P"°§ Idea: Consider the $Qm2\n of SlgRbrug
Ap=(-1,P e For P=3 md 4.
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(_j_,PjP = (‘-‘;;)-—- -1 seo AP is nonsput
SNer @r

ITE (P=p Is o prame v L= med 4, then
Exercizse 5.|9 osks Yoo +0 Bhow +hat
Af’ s?\\-\-.s over @'cb

Conclude thak A-.? and A% are hot fsom
over Whan P.__'t,..b )
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