|_ecture 4

Recap: 1, Lecture >, we proved

(o)) SPite over F &= Cla,b): ax*+by*=1 Yhos soin (xiydeF
F=OQ.. hard to determine|
F=R: just need >0 or b>0

Todo.\j * F=Qp (p-odics): reduces to cengruence checks modulo
o prime p ond powers P“‘,

We'll show Q=R and WS ®? for 'och Prime P, =°
a, So\n +o on e%'\ over Q =% So\n OVer “R q: QF-

‘DeE ! Let p be o prime Number. The r'ms of p-oaclic
integers is

ZP:-_-{ (@ndns, € 1‘;*%/?“1 ‘ Qres =Qn e Ph&

Addition ond multipiication ore defined Component -wise.

Note: lz" - (i—_,f,i, ...) wnere 1 denctes residue closas of

The integers form o Subrins of Z? via

ZQZP
X +—> (x wmed P, % me:lp",x:w:dpaa .)
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Extended example : Zg

"17n o rinq weons a solution to Llineor equation 2Ax =4,
2,

what does tnis look like n zs’- Unique soin

& At each st-ep.
n=1i: 2.“1,51- med 5 =» CL=3

—

n=2: Zo,=1i mod s* ond Q; =Q3 med S5 (or a;=qy+5k)

So 2(3+5k)=ZL med S* = k=2 = a, =13

n=3: 2a3 =1 mod 5> ed ay= az med 57 (a3 =aat+S*R)
So 2(13+5*°)= 1 med S =5 9022 = az= 63

TnZs, 5 =(32,13 063, ...)

Whot abour quodratic e:‘\:q.\:'th.z Lets look at % =-1 in Zp .

. Just Like " other rihqs. t\ﬂn%‘ can 9e Wroh%.
X =-1 hos no 3°n INZ, sinca X =<1 mod 3 hos no Soin.

¢ There ora se\vtions In Zg howaver:!

n=41: %”E—L med § = Q=2 (or 0:.‘3)

n Lecture S
we'\ see
N=2: 6," =1 med 5 and G2 =0; med B mMore akout
—_— (o= Qg+ 5R) W%‘h/whxa
Se (o -\-st)z* L mod S* .3 T reres.
==L m = =
L o == R=1 oad Q=% Novtrivial |

n=1%:

°k32'2-1. wmed 52 ond O3 =0, mod sz..,

2
az=0.+ S Q)
= L=2 and q5=5:;( 3 *

2
So X =(2,%,5%, - ) €Zg % one sowviontO X =1 in Zg.
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To beter understand the elements of Zp ond When
Po\yremiol @9n= W/ integer coeffs have soins in Ze,

Observe That while notwal , our d@fn of o Cowpotikle
Secguo\r\cfe hos sorve l‘edundcxhC& .

Another woy Yo view @lements of Zp:

If oa=(an)€Z, ond we represent each o, s on integer-
in tre set s()‘j_) ...)?“’lx then Oniy =Q, med ?ﬂ mMeans

We Con always Write Onyy = Gnt+ Pn'\"“ w/ bhe(o,:l.‘ ---;F"l

Def: Let a=(ameZp w) onefotL, ., p™-1). Let
\>o= Qi1 ond \>“=(0.m.4_-0m\/‘>h, The Ssequence

(be,lbs oy, --- ) is caved the p-odic expansion of a.

We can represent eis of Zp os formal power Series
n Powexs of P le., (\,Q’\,“bz)m\ os Z bn P". Hm'

-4 i " "o
On =2 b;p ™med p.

=0

Ex §from before:

Jiir\zsz had Q1=3,Q,3 =13, Qg:Q%,-w
- : = = 13-3_ -63-‘3
B-odic expr hos bo=3 by %}_z,bz- —ST'BZ
and L = 3+2.54+ 2.5%, .. n Zg

Elts of Z? are In bl:\ee:\n‘an w[ formol power serieg
S bnp” W brelioy-p-i]

h>,0
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Via this perspactive, You <an Verify thay Zp is on
'\nl-z-sro.\ domain. Lot Bp be its Field of Froctions.
Note that since Z £Zp we g+ A= Q.

Gool: Understond isoms and splithing of qvoternion
Q,\%Qb\'@as over @,

TUrns out We can Qet o lot of insight by Shudying
This question over Wp. (Lecture B).

Exoumg\ei Consider Ag'= K-l,—l\&s . Does ¥nis
a\gebra spiit over Qg2 Hove severo) woys ‘o checic
how |

We saw that I oeZg with d*=-1 . Note thot

This gives us on et wirje A W/ N(X)= o4 1*

=-1+1 =0.
So .{ s not a divigioh G\%O\;rgx, la., A S?lﬂ's!

Solving equations In Zp or @p (mowty reduces ¥o

so\wha congrvances mod powers sf p N\
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Futther properties of Z? ond Qe

. (Exerc\‘sz) A P_c\dic ‘ar\t'e,ae,r %= z bn Ph s

L . . K “7»
mNerbible i bo#EO Pf x is ney divisible e P

'E“""Eﬂ XFOE€Z con be written um%vz\,\g oL
x= Py W pru.

-De&n'\e. VP (oH)=m™ ond Vr (%) = Vvp (%) —Vp lb) .

This gives = Sunctieon Vp'! OL— Z~v o) colled tre

?-oo\.‘c Nalwvotton .

* Con extend defn of Ve Yo Zp i qives the smallest Power
o-“L P in the p-odic expansion of on e\b,, te.

= ot — 1 kra "
T§ x ‘be‘? = beP ok be Py = b

V7 N\>ro

+han ‘V? (‘X) = .k.

Trwert ible elts in 'ZP are then

zfﬁg { xeZp \ vp (%) = o} (Exercisa)

* Finauy, eW¥s of @Qp =on ba wrilten ox Formen

_ "
Laurent senes irn p*t XE€Qp = x-hgk b.T
For sowe Invager ReZ.
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