L ecture D

Q: Which pPreperties of =‘\uo:\:e,rn=°n a\gqebros
3enerq\.iee,?

bef A ;F\‘m“{-e dimensional Glaebrq. A over e ficld F
iS called o central simple algebra— if the center

Df o s exac{:la— F anol A con+tains no nontrvial
Prcper +wo-sidled /daals.

There is o beavhfu/ theory of CSAs, but i+74s
beyond the scopa of this course. We'll prove ohe
resviF about 7uat-ornrcm a)gobra-s ‘n this Context.

P"°P5 E'vcr:j 7va'£'evrn‘on o)%ebra— over F

/S o- central simple a)?zbra-.

If you ol'd the exercise fy—om Lecture 1. that showed
Z(H-D = [R,, trer zome of This Wil fee) ;Fesm.‘h‘arl.

Prozf: Lex A:= (Q,b\F be = qua&-e\rhion S\gebr W/
Standord bosis §1, thjo ¥ }

's - ' . .
A is central (Z(AM)=F)" Let V=No+ Vel #Vaj+Vyij € Z(A) SA.
Then V cormmutes with 3; o 0=Vj —Jy= 7-(“:.¢3*V3b\').
Since charF#2 and U,0j are lin. Indap. over F = vi=vg=0.
S\M?\or‘a, NV comwmures W/ i, So O=Vi=- W=2uij = Vaso.

Thus vy=voeF. So, Z(AYSF ond F S Z(A) = A is central.
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W (2(A\=F) “let vever v il +Vaj "VB"_I. € Z(A) A
Then V cormmutes with 3, so o:vj —j\; = 7-(V‘_{31-v3b()_

Since chor F#2 and {,(j are lin. thaap. over F = vi=v3=0.
S\m?\or‘a, N comwmutres wl i, So O=Vvi- i‘l=2vz_\'j = Vaco.

Thus v=voeF. So, Z(A)SF ond F £ Z(A) = A is central.

A is :me\e: We 3\Ve d?ﬁewf\f Pro.-‘.s &Pehd;f\ﬂ on
Whether A is Sput-.
If' A is o division q\aebra ovevr T, then every nonzens

€IF i= inver¥ible. Let T S A be = nenzero two -sided ideal
ond let X& I ba honters. Then X €A and herca
1=x'weX. Thus T=A ard A hos ro nentnvial
Proper 2 -sidad ideals.
Te A Mo (F) , \ex T 2 My(F) be o nonzerc 2-aided
1daal. The qoal is ¥o shew (LI1)eT. Take o
Nentero M = (m‘l)ej— WLOG we may Assume myy F0O.
Since J s 2-sided ond E4 = (t% € M, (F) wa find:
E.‘.‘LMEL—(O D)e:‘"
-1
wm o

Sinea My ¢ \:%, we can scale \-3 (o“ m“-.\ +o 3@4—

Ej_e j Stmi\or\‘o, one can Shew E2.= (:Q‘ )Q_
Thus Y centotns Ei+Ea =(1°

od ) =T =M(F).
Thos A is Simple . A

Now we'll +urn ouy akention Lo 3eema’€v\3 *o
op kX oin anotrher Conatbtion -Ger de-‘.gc'biﬁa
Sphithess.
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The ossociated Conic *

Recau that & quaternion algelora A= (a,L)g *pPlts
- there exists c‘e/* st NkQB\ = 0.

We con make \ife eosier bj locking ot the

3- dimarsional sVbspoce of pure gvotemions
A= {xir Wi+ &ij eN \ x.\g,teF}
If e K ond N(Q)=© this says
-ax? —by* +ob 2=
=  ox*+ b‘jl = szz

B‘j % Shonge of <vortebles and whsideﬁﬂﬁ ss\ubiong
\N’ Z O We optain an equation of the form

o X+ b\/’-:i. (B2 notes For Setails).

Let (oblg be a quaternion olgebra. The
OSsociared conic Q(Q,b\ ' the o.?‘}rna plone
cvrve deficed by tne <quotion o.x"+h>\31=-i.

We SC»\A Cla,b) has an F - ratienal Point if there
Exists o Poir (X,UD er 3“'\'"3?3"'\3 Yhis fquation.

Let's see hoW The ossociated conic Yves us
o Sharackeriratior for sP\iﬂims-
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heorem (%eome:\?n‘c Condition for Sphiness)

For o,beF* the f—o\\owinj conditions Ore
Squinalent:

1\ (Q,b)]: ~ M.(F)

2) Thre ec‘vc.‘bior\ ox*+ b\f'::l. Hos o so\ution
('X; \53 er

3\ Twne ec‘ucﬂ:\‘oﬁ o+ b\.f': Z% has o se\ution
(X‘\{);}\G-F'; other than (0,0,0).

P\’OO&;
(2y = (3): (‘X,\s\ QSe\h'\roooc"-c-b\fe_j_ =
(X\\ﬂgi—B is & soln 4o O\X"%—\g\.oz = z2

) = (1 - S Uppose L’x,‘j;%) #(D,o,o) is asan
to QXLi—\,\JL: z2

2
If \1:0,'\7he.h XF0O so q= (—;;3 T o Sqvove
thus tre a\.ﬁeb\‘& sSplits bﬂ Thm 2.2 From netes.

if \J#-o, rearwonging tThe ecluq-\:*bn Siva—s
b= (_%\3\1_ &(2‘\3\2' = bLe No = (ab)pE
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(i\:(ﬂ-) S uppose (a,b\F"_‘Mg_(\:) so (oa,v)p i
SP\\'L- .B\3 Thm 2-‘1, be Na = b=‘u,2—o.v2 f‘Qr
Seme u,veF. ReofrOhe?nG qives
onZ+ b(L)=u>
vV \2 2
TE& ULF O then o\(i\ -\.b('?\k\ =-i>'

Yy 4 2
( W, 1,.,) €F s o goruton to Tra eqn

.,

Os')(z-t- 5\32- - :L.

F u=0o, then b= —av® ond we \eave You o

Check 1i+a -
hat (To.) u is o sslution. A
2.0

Yhere are MOory Cerellaries of this resuld. The

otes centain Several. T'I\ record Sne here .

Q0r7 Le-h F:F% be o $§n:+e fiQ\d. E\IQY\J

C‘Uo.\:e.r\mor\ q\caaloro-. (c«,b\F_ over F is spl.'\\
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