
&: Which properties of quaternion algebras
generalize ?

There is a beautiful theory of CSAs, but it is

beyond the scope of this course. We'll prove one

result about quaternion algebras in this context
.

If you did the exercise from Lecture 1 that showed

Z(H) = R ,
then some of this will feel familiar !

#oof:LetA:= (a ,bFbe
a quaternion agrea

A is central (Z)A) = F) : Let v = VotV1i + Vzj + Vzijz Z(A) =A.~

Then commutes with j , so 0 = vj-jv = 2/2ij + /zbi) .
Since charFF2 and i

, ij are lin . indep. over F => V1= V3 = 0.

Similarly V Commutes W/ i , 50 0 =Vi-iv = 2v2ij = V2=0.
Thus V =VoEF. So

, ZIALEF and F[ZJA) => A is central.
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Then commutes with j , so 0 = vj-jv = 2/2ij + /zbi) .
Since charFF2 and i

, ij are lin . indep. over F => V1= V3 = 0.

Similarly V Commutes W/ i , 50 0 = Vi-iv = 2v2ij = V2=0.
Thus V =VoEF. So

, ZIALEF and F[ZJA) => A is central.

A is simple : We give different proofs depending onu

Whether A is split .

If A is a division algebra over F , then every nonzero
elt is invertible. Let ICA be a nonzero two-sided ideal

and let XE I be nonzero . Then X'EA and hence

1 = xxEI . Thus IFA and A has no nontrivial

proper 2-sided ideals .

If A= MzJF) , let J [M2(F) be a nonzero 2-sided

ideal. The goal is to show (81) =J. Take a
nonzero M = (mij) EJ WLOG he may assume m11F0 .

Since J is 2-sided and El = (88) =M2(F) we find :

EzME1 = (m118) = J .

SinceM11 7 FY
,
me can scale by (wit') to get

ExEJ Similarly , one can show Ez = (8
%) -

Thus 5 contains E1+ E2 = (8%) =>J = MaJF)
.

Thus A is simple.

Now we'll turn our attention to geometry to
obtain another condition for detesting
-plitness .
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The associated Conic :

Recall that a quaternion algebra A= (9 .b) F splits

iff there exists geA St. NIg) = 0.

We can make life easier by looking at the
3-dimensional subspace of pure quaternions~
AO := [xi + yj + zijeA/ x , 4 ,zEF)
If gEAP and NIg) = 0 this says

-ax"-by2 + abz2= O
=> ax2+ by

2
= abz2

By a change of variables and considering solutions
~) zf0 we obtain an equation of the form

ax"+ by
=
= 1

.

/See notes for details).

Let's see how the associated conic gives us
acharacterization for splitting.
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Proof:

(2) => /3) : (x , y) a soln to ax"+ by
>
= 1 =

(x1 y . 1) is a soln to ax"+by = z2

33) => (1) : Suppose (x, y , 2) = 10,0 , 0) is a soln
to ax"+by2= z?

If y =0 , then XF0 so a = (*) is a square
thus the algebra splits by Thm 2.12 from notes.
If y FO, rearranging the equation gives

↓ = ((2-a()2 => beNa => Ja .b) F

spits by Thm 2 . 12.
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(1) => (2) Suppose (a ,blf =Mz(F) so Ja,b)F is

split . By Thm 2 . 12
, beNa => b = u-av" for

some U
,
VEF. Rearranging gives
av2 + b/1)242

If UFO then a (2)2 + b (t)"=1
,

i
.

e.

1
,
i) FF2 is a solution to the eqn

ax"+ by
"
=
1
.

IfU= 0
, then b = -av2 and we leave you to

check that (Ita Ea) is a solution.
There are many corollaries of this result. The
notes contain several. I'll record one here.
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