lL_ecture 2

3‘ How can we tell whether two %‘NW"“’“ algebros A, A’ are
1] ”
the same ?

Def: An isomorphism of (1va’cemtnn\ a\gebros
A,P\' over = is a rinj isovnorPhigm f: A.Z. A’
st. () =c¢ for al ceF.

So r"m3 ond Vvector spoce Structure ore preserved.

For quoeternion clgelbros specificoly, we'll vse o
Porviculor type aof bosis to shou that twWo are isowmorphic.

Def: A bosis of the ﬁua?erhion o\%ebrq_ A:= (o"l")F
o4 the form {1, u,y, ‘W] with u*,v’eF" and WV =-vu

s Called o C‘u oternionic basis Of- A

Onhe can check thot (uv\z= ~-u*yv*e Fx

. . ond U, vV, uv o\
Porwise anticommutbe.

Q: What ore tome other bases of A=(o,L)E aside From
{1,434

° { 1,3, "'Jd is onel So imme.diabe,\s we get+ (q,b)F ~ (b’q')F-

. {1, v, .‘j'&L\ is o bosis. Thus (0,63 = (o,-0b)e
A
o (¥
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. Q\mi\ov\\a K‘L,:‘, ij, —‘o's‘ is o basis. Henca (a,b’\l___ﬁ (b)"“")f-'
L ..
i
Finoly, { 1,cq, 9, cdi:\s i a basis Ve,deF”: Thus
(th\]: > (Q.c", bd"\F .

Nove: 3\3 'Hl\(lmj b=1, we get (0,1)p = (a,-a) Oond
b=-1 qives (a,-1Vvg =~ (a,0)F
Since (q, Qz)F = (q,:l_)Fz (1,0
and
(%, B)e= (1,3 = (b, 1)F

the isom. clasc of @ quok- alg. depends on c"’k’d—_‘,‘/l:"‘
Importont exercise (2 4) ! Given w)yvelab) st. WVEF but

w?, vie Fx ond W=V, Show thatv {:L‘u, v, u,v'j is a C'vc\'l'erm‘onfc
bosis of (a,b)F.

Some familior olgebraic objects tum out o be isom. to quot- aigs.

ProE€ For all QGF)‘, there is on isomorphism of
F-olqebras : (1,00 = My (F),

Proof sketch: Assume {:L,i,],is\ is o bosis for (1,0)¢.
Consider thre mop (1,0 —> Ma(F) defined b\j
1o . i © ' o o
—> — .o o o
i oL), (0-1.3) J‘_'(:LO , "J'__’(-J.o
ond extend F - \k'nc.ar\.n ‘o (1,8)g.

Check that the ‘lmoﬂe_ Jorms o lineoriy nclop. St of s\xe 4

n Mz(F\, The op is rultiplicathe, and Cc&F +— ioc‘\!
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Sp\iﬂ-irﬂ of quaternion alaebras

De;Ef A c‘u aternion O.\ae,bro- over F is cauved SE\H-
if i+ 18 isomorphic %o M2 (F) as an F—o.\ﬂe-\m—q.

E'x C\m?\e ! \)P ‘o isc\-norph‘\sm , there are on\% +wo

quarernion algebros over R. =nd Sn\y Sne Sver C-

~ ““, i.f O, ore he.cdaﬁve,

(Q;‘D\R —
Mz(lR.\, if o or b iz positive

X
Since aW elements of T are squares in T, we have
(eqBle = M. (C) for on (o) & T” te, o Quot -

o.\%s. over O are gpli-l-!

Over F=Q@L, ¥he situation is VERY different| Eventually

We'll show that there Gre \\w{\rw\-e\a, N\O\'\é nNon- isom. <buu,b.
a\gRbros over |

Se for, we've seen thatv be F*? gu oranvees (anLdg is
3pLt. Bul this condition Con ke Weokened, To do so,

heed to understand o S\J\o%roup of F*
et Ng := {'xz'-méz 3 'x.\\,eFl \ | o} S

In the lectvre notes we show that Ng, is a sVegqioup
oL E* and eab"a'\ to FM 4 a1sa stbuom’_.
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Le,mmq, . For QeFX/ the set Nm °5- Nnonzerg elts
of the form x"-a.xj" with xnderl: s o Svbg roup

of F%

Prociz First observe that 1.€ Na since we con

Write 4 = 42 .0%.
Next, Neo. is @'ssed under mu\‘u-ip\ko:\:ton since

K%f'- Q\ﬁi") b(-zz"' ay 22) = (¢1%2 *Q\ji\jz)z
- o (‘X:L\J; + My \31\1,

F‘“““\a, Neo 3 closed under invers'on Since

T e (B ()

X*-ay (X"—o\‘\z)z x"-q"" .xz_q‘j:. B

Note thet No o.\wu.\ss Lortaing aw Squores in F*

b'j '\‘;O\C\'r\-s \3=D. In e notes, wa Shouy Fycrner

that £ ais o S‘b\now“c, *her No= F:X.
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Mheorem ( choracterization of splitness)

The following are equivolent for (0!

1 Tne °“3°"°"°‘ is split.
2. Trhe 0\%e,bro_ is NOT o divisien Q\cbebra

2. The norm map Nt (aibYg — F has o hentrivial
Zero

L*. The €\lement b s o norm From tha fied
extension 'F'(\l_éﬂ/\:, te., B&Ng.

PN_"J" (:L) => (2) is ‘"mediabe from the defn of
PV (2)4= (3) is the conbent of the carler

Prop osvion.

To prove () = ('-l)' we may assume that o is
not} o Scbv ore in F. (\,\j\\\ﬁo)

SUPPOSG 'b\'\ai V=V°+ V_.‘_i,".\],_:‘ +V3 ':j is o. "onzevo
e —
ement W N(v) = O = Vu:'— &Vj_z—\ov:-l- Ob\laa- Trhen

(V2*- 0v3") b = vo*- av s,

-1
2 2
“Thus b =\(\4°"—O~.\l:2&\la. —Qva l <€ Na \:3 Lermnmo.
€No € Ne
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‘:11\0|le we prove 4) = (':L) ! A%O"h asSsume Q%sz
1? beNm ‘+henrn \:;‘G NQ -’too, hence ar‘,SQF s k.

- 2
b =r*-as".

Let w= r'j + sij ond V= (L+a)l + (L-a)w V.
We claim that \;L,u,v, 'lkV‘ is & Q\\:Q‘\?‘Q,rhiont‘c
bosis of (0)"’)1:. We compute

= bdo™

=1
S\mnor\,\o’ ohe Shecks thot V%= Qa2 oang tho¥
MN = -y, 'Bn EXxercise 2.9, phis imples our

clodm is brye . Thus (oqb)\-_-_ e K‘\L",\I:')P
= Li, L\sz]:
= M2 (F) by sur

eovrlier 'PTQP os:tien B

Corol\arﬂ ¢ A «‘vqte,rm‘or\ o.\sebra (q,\o)F is either
o Svision Qlgebra over F or i+ is iseomeor phic

+° Mz (,F) ) {.e.) SP‘I.'b .
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