
From complex numbers to quaternions :

C iR
complex numbers form

b- a+bi a 2-dime Vector space

- or (a ,b) over I w/ basis (1 , i)
< < IR

V

& also has ring structure that's compatible w
vect . Space structure. Multiplication is def . by :

(a+bi)(c+di) = (ad- bc) + (ac+bd)i

Can we multiply triples
of real numbers (a

,b, c)
in a way that extendsSmultiplication of complexnumbers (a,b) When

thought of as triples
.

0

(a ,b , 0) ??

9Y
↑

Hamilton

artist's rendition
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i↑ &Note : This ring is NOT commutative !
2x

=x : (bi + j)(zi - j) = Gi- bij + 2ji -j
=
- 6 - zij - zij + 1

=

- 5 - 5ij
=

- 5 - 52

Let's look at starting Exercise 1 . 4 . Join watch party
for additional practice :

The center of It is Z(H) = (g- (H : gx = xg fx= 1) .

IREZ(H) so exercise asks you to show I .

What commutes w/ i ?

(a+ bi+ jj + dk)i = ai + bit + cji + dki

=

-b + ai + dj - ck

c = d = 0
VS .

i(a+ bi + cj + dk) = ai +bi+ cij + dik
=
-b + ai - dj + c

Compare w/ elts that commute W/j !
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General Quaternion Algebras
char(F)+ 2

J

Elements look like g
= vo + vi +vzj +vzij w/

each ViEF.

# It is a quat . ag. W F = R
,

a= b = - 1
.

* How should you think about this? (a , b) F
is

a vect . Space over F w/ bonus ring structure .

Scalar mult by elts of F and ring mult are compatible

((x)(dy) = cd(xy) Xc
, d -F

Vx
,yf(a ,b)F

Keeping track of ring structure is very similar

to I: need dist . law and the relations in (*)

B we want to remember that there's a vector space w/
a basis here. Think back to C

. It's a commutative)
ring ,

but it's also a 2-dimit R-vect
, space w/

basis (1 ,
i) .

So it's a 2-dimil R-algebra .
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Examples /Quaternion algebras over Q) :

By varying the parameters a ,
beQ

,
we get different 4-dime

algebras over Q.

· In 1-1
,-7)c , we have it= -1

,
j= -1. This is the Hamilton

quaternions restricted to rational coordinates
,

i

.e.,
1-7

,
-1) = (a+ bi + cj + dk : a , b ,

s ,dQ)yi=j= 2=7
.

· In (2
,3) a

,
we have it= 2

, j2= 3
,

and ij = -ji . Note that
,

e .g,

Lij)[ij) = Lij)(-ji) = -i(jli = -i(33i = -3i2 = 03(2) = - 6

How can we access structural properties ?

Analogy W/K : In
,

an elt
. z = X + iy has complex conj-

== X- iy . Recall that IE) = zZ = X+ y EIR and measures

the squared magnitude of z .

can
generalize to quat-algs :

It turns out that the norm gives us a lot of insight
about the structure of a quaternion algebra .
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Proof : The norm is a multiplicative function since

N(gzge) = g1gz gigz check this !

-
k

=

g+ 92 52 g7
=

92257
EF

=

925N(gz)
=

N(gz)N(gz)
If gg = 1 for some elt

. g' , then taking norms of both sides

gives :

N(g)N(g) = N(gg) = N(1) = 1 - F

Conversely , if N(g) # 0 then

g is a 2-sided mult inverse ofg
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Can the norm actually vanish?

Example : Let A = 11,1)0
, 2/ i= 1

, j= -1
, ij = -ji .

Consider g= 1 + it A .

N(1+i) = g5= (1+i)(1- i) = 1 - i + i -i = 1- 1 = 0

So 11
,-1) is NOT a division algebra !

Can
you find other examples?

Exercise 1
.12 (ii) : (2

, 21 F : A is not a division alg :

If gEA , then NIg) = vo-zve2-2v2 + 4 vg2 .

So
, e .g . taking Vo = 0

, VI = Vz = V3 = 1 gives
&= i + j + ij which has norm O ! ( Can sheck this by hand!

Atime : How to tell whether two quaternion
algebras are isomorphic over F
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