\_ecjcure J_

From complex numbers Yo quaternions !

R
C T complex numbers form
b+ otbt O 2 -dimf Vector spoce
or (0)©) over R, w/ bosis {'.L,i.}
2 1 N\
< o R,
v

C o\se has r'ms Structure thot's compativie w,
Veck. spoce structure. Mulliplication is def. \,65

@+ (c+d) = (0d—bd + (oc+bd) L

Con we muliply triples
of real numbers (a,p,c)
na wWou That extends
Multiplication of compliex
NuUmice rs (O»,b) when
‘\7\'\003\'\'!7 °.s: o ‘br‘P\eS
(0)\9,03 7?

Hoavniltor
artistes renoliHon
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Def : The Hamilton quaterniens are
H = { q,+bi.+c3+d1e. g a,ch,de[R,}
With multiplication definedt by the relations

V=-l= %R, = R=-jl, and
every ceR, commutes w| i e
T

NOte'- T\’\'IS rin is NOT c.ommu'l,-o‘\r‘\\re‘. \
17 = we!

Ex: (3i+(2i-)) = 6i*- 3ij + 2ji -)*
—o-3ij-2ij+ 1
-5 -5
—S5-54

U}

ol

Let's \ocok at e*mri:'mg Exercise 1.4. Jown waten porty
for odditional prociice’

The center of H is Z(H) = { qe M : gx=xq V¥xeW).

R = Z(H) so exercise asks you to Shew 2.

Whot Commutes w/ Ll
(orbitcyrdk)i= air bi*+cji +dRi
= -beat+dj-ck
. Vvs.
' latkivc)rak) = ol rbits cij + dik
= —b+ol - dJj rclk

C.omPore W] evs that cowmure N/ J I
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General Q voternion R\ﬂebro.s

Def: Let F be o field an s, 5eF " The
&Uode,rnioh Q\qRbra. (&,b\F is the H-Aiml F—o.\ﬂe,\arq

W] bosis fi,i,},\ \]\ ond w/| multiplicavion
def- bes Yhe relations

V=zo, }L=\o) ond \"3:‘:]““

Elements looK like = Ve Vql +\:,_:) +\aij W
Cochn V"'e\'-'.

'E__X" M is a =‘vat, q\%. w] F=\R, a=h=-1,

F* How should You think awvout this? (o, e)g is
o. Vect.spoce over F w/ Lonus ﬁr\j structvre.

Scaolar wmult \a\d eWs of T and ﬁr\j ™MUlt are cowmpatible

(ex) (d\ﬁ\ = ed (Xxy) Vec,deF
Vx)\je (o BYE

Kee?‘mj Y rocw °5" ﬁmj Struckure 'S Verj sirvmiiac
Yo H: weed dist. law ond the relattons in

B_L‘l‘ we woant to remermber that there’s o vector Space w/

o. bosis here. Think beak +o €. I*s o (commutative)
rihj, but it's alse & 2-aim’f R—Ve_c\,,s?o&e w/
bosis {.‘L)i). So s & 2 -dim’L R*G\ae\om,
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Examples (Quotemion algebros sver @):

Bﬂ vqrg’n—\a the porometers o, e®”, we get different 4Hogin
olgebras over @..

* In (-1,-1_)Q' , we have ","=--;L’ 'J:'= -1. This is the Hamilton
quaternions restricted 4o rotionol cocovlinates, i.e.

-1,-Dg = {a+ni rSjradR:a,b,0,d @) w =it Riaa

* Tn (2,%)°., wa have i:'::z’ :):'.—_3, ond {j =-3€ - Note %Q‘b).ﬂ,

PP = PO = o (Y V== ==31*= —3(2) = -¢

How con we occess structural properties ?

A“Q‘°3: W) : In C, on ek i="¥.+§j hos Complex con|.

Z= X.—i.\jo Recall that (Zl=gF - x"-«-\j“'elR and meosures

the squered Merﬁ'\'ude. of &,

Con Yereralize to quot. aigs -

De i:_"‘ et V‘--VQ'\'Vii."-'Vg_j"‘Vzij be onew. in
(o, B)F. The QcmLugu\,-e. of Vv is

V= Vo —\Ji_i—‘lz:\ -~ Va3 i:}

The norm of V is

-— a
N((V):=vv= Vo- oVy —bv:-a- o.bv-:

I+ Turns out Thot the rorm qives vs o \ot of Waignt
Obovt the sStructure of o quaternion o\gebva.
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ProP '.Ar\ e\ement 1 of The ﬁ\,q-\e.mtan o.\%ebm
(Q,b) £ 'S invertivle i£F T hos nonzeroc norm.

T porticulor, (o) is o~ division S\gelbro
i§F N (o,BYR — F does not Yaonish eXxcept
atv O.

‘M The noem is oo multiplicative function since
N (c!,:x. %a.\ = %= et =
B CR AVRT:
= 9 N\S,,\ =T
€F
T T N
= N(%;_\ Nk‘bz)

/
¥ qy =1 for some ew R s then -bo»KimS norms of both sides
3'Ne.s :

NLOD‘)NUI;) = Nigg) =N =1 F

Qomene\.-.a, i N(%) ¥+ O ‘then

%

/
L _, iS o 2-sided mult. inverse of o. W
N(q) d b


https://goodnotes.com/

Con the norm ou:.'c.uu\\a_ Nonish?

Examﬁ\ez Let A=(4,-1)q, w i*=1,)%=-1, g=-j¢.
Consider %‘ 1vrie A

N = 3= WD W=D =1 a1 0y = o

So (1,-1) g is NOT o division s\gebra!

Con Yyou find ofnher exomples?

Exercize 149 (A (1,9_\&=zﬁ\ 1S Nnotr ol divizion e\\&i

& %ek, Thren N(%) = \lga.— 2.\14_2‘— ?_‘\Iz-:‘-l- “l\l‘;".

So,e.a. 'bQK'w\j ‘V°=°’ vi"\lz =V$-“-:L S.N,u

= i*‘j'\-;.j Which has norm o | (Can check this E@"‘Qf\dn

Next time : How to tell whether two Clvq'\:ern?m\
—_—
a\%ebms oreae isomorphic over
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