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INTRODUCTION

These lectures will provide an overview of the powerful specialization method that has
transformed the landscape of the rationality problem in algebraic geometry over the past
fifteen years. This method, which is due to Voisin [38], further developed by Colliot-Thélene
and Pirutka [11], refined by Schreieder [30, 31, 33], and transformed by Nicaise, Shinder,

and Ottem

[24, 25], mixes powerful intuition from Hodge theory with techniques from

algebraic K-theory, algebraic cycles, resolution of singularities, quadratic forms, Brauer
groups, unramified cohomology, and (more recently) tropical geometry, and has led to
breakthroughs in our understanding of the rationality of many classes of rationally connected
varieties (such as hypersurfaces, complete intersections, conic and quadric bundles, and
other Mori fiber spaces) as well as the deformation properties of rationality in families.

1. SUGGESTED BACKGROUND AND FURTHER READING

e Rationality. There are now a number of good survey articles on the history of the
rationality problem, viewed from various perspectives, and how the recent advances,
such as the specialization method, fit in to the story.

Beauville [6] writes a beautiful and historically focused survey on the rationality
problem with lots of examples, concluding with a brief discussion of Voisin’s
original work on the specialization method;

Debarre [13] gives a survey “for nonspecialists” that describes lots of interesting
examples and many more of the results obtained via the specialization method;

Voisin [39, 40] orients her survey around complex geometry and algebraic cycles;

Pirutka [29] gives an introduction to the specialization method and provides a
computational approach to computing Brauer groups of quadric bundles;

Colliot-Thélene [10] has a focus on the Brauer group, unramified cohomology,
and how quadrics over an arbitrary field or discrete valuation ring play a role
in studying the rationality of quadric bundles, see also [12, Chapter 11];

Auel-Bernardara [2] contains introductory material on the required Chow the-
oretic and unramified cohomology background needed (though mixed in with
connections to the derived category, which will not play a role in this course);

Peyre [28] gives a guide to the historical development of the specialization
method, as well as a review of some of the landmark results;

Schreieder [35] recently spoke at the ICM 2026 about the rationality prob-
lem for hypersurfaces, surveying the incredible range of techniques that have
gone into the problem, and specifically on the important developments to the
specialization method that are required to establish the strongest results.

For initial preparation, students may read Debarre [13, Sections 1-3, 7], Pirutka [29],
and cross-reference with Voisin [39, Sections 1-3|. Reading the full bibliography in
advance is not expected!
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e Algebraic cycles, specifically the Chow group of 0-cycles and decompositions of
the diagonal, play an important role in the specialization method. The classic
article where (rational) decompositions of the diagonal were introduced to connect
Chow groups to the geometric coniveau, with its implications on cohomology, is by
Bloch and Srinivas [7]. There are many modern developments to this idea that are
utilized in the specialization method, and having basic literacy in algebraic cycles
(i.e., Chow groups, intersection product, correspondences) will be necessary. Some
relevant background is contained in the surveys [2, Sections 1, 3.6, 3.6, 5] and in [13,
Section 7], though there is probably no better place to go than Voisin’s book [40] if
you are looking for the full treatment with all the details.

e Unramified cohomology, in particular the Brauer group, has been a crucial
ingredient in the rationality problem (ever since the landmark paper by Artin—
Mumford [1]) and specifically in the specialization method. The canonical survey
article on unramified cohomology is by Colliot-Thélene [9], and it remains an ex-
cellent reference. Schreieder [32] has a wonderful and updated survey on various
generalizations of the unramified cohomology setup that are important to his re-
finements of the specialization method. Some of the surveys [2, 29, 10] also contain
brief background material on unramified cohomology as it relates to the rationality
problem. The book Gille-Szamuely [14] is a great place to learn the background
material in Galois cohomology and classical Brauer groups topics.

e Tropical. (Optional) If you are interested in learning about the tropical aspects
of the specialization method, the articles by Nicaise-Shinder [24] and Nicaise-
Ottem [25] lay the foundations of how motivic volume, together with toric and
tropical techniques, enters the picture and introduces a wealth of combinatorial
structure. This theory is further developed and utilized in [27, 23, 41]. There is also
a cycle-theoretic analogue [34] of the motivic volume approach.

2. COURSE OUTLINE

(1) Introduction to (stable) rationality problem in algebraic geometry. Unramified co-
homology and the Brauer group, and their historical role in the rationality problem.

(2) Introduction to the notion of universal CHy-triviality and its consequences for (un-
ramified) cohomology. First introduction to the specialization method and analysis
of the special fiber, universally CHp-trivial resolutions, and first applications to
obstructing stable rationality.

(3) Refinements on the specialization method and more applications to obstructing
stable rationality as well as the behavior of stable rationality in families.

(4) The specialization method for fibrations. Applications to quadric bundles, cubic
surface bundles, and other del Pezzo surface bundles.

3. PROJECTS

The projects will investigate applications of the specialization method to stable rationality
problems for new families of varieties, including fibrations over P? and complete intersec-
tions in homogeneous varieties. Depending on the project, students will construct suitable
degenerations and explicitly compute Brauer classes or other unramified (or combinatorial)
invariants of singular special fibers.
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