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Weil: conjectures
--

4 . 1 Endomorphomsinge ofn
varieties ·

-

-Albert classification-

Let A be a t-simple
abelian vanicty of

dimension

g over #g :

Let D = End(A)

eburn :
Dis adinizin algebra -

· F the centre of
D .

·
exet be Rosati

involution A .

This is a positive
involution .

So the fixed

field F
+

= (x + b : x
+

= x)

istotally real number field
(ie .

every
embedbling 8 :

F <D ↑ faclous

through IR)

Clearly, F = F.

· Let e = [F : k7
,

et= [F: ]
,
[P : FT = d

6) -> 23.



--Theorem (AlbertClassificatio the algebra ieKeeping
esomorphic to one ofthe following types :

T
⑪Type I : D

=

F= -
+
and the Rocat

involution
/

is the identify ;
in that care, ef he

② Type It : F =
- and D is a totally
/

indefinite quaternion algebra
over F,

: . e
~ :
F<x /R, arIR= MelIR) -

In that case,
he /9 .

it
③ TypeI : F =

- and D is totally definite
/

·

algebra /i. e F
~: <x(R)

quaterman
= It,

where I ritte
D IR

&

Hamilt quaterwor algetra
) In that

are
,
e418 .

④ TypeEr : F is a
CD extension of

Fie

it is totally imaginaryquadratic
extr

of F , and
D is a division algebra

with

centre is F .

In that care,



* eldo it sharlk) +o
x etol/y if char(k)

-0 ·

↳ .

2 Zeta functions of varieties
--

· A is an abelvan
variety/#g :

Theorem .

-
· dim A = g .

·q = p
"

p =
char (Fp)

nY 1

ii) Every at
6-& of the characteristic

polynomial fr of MA
has absolute

~ a due k1 = .

fil If &E Dis complex,
then to is

& = Y /g , and
the two roods

appear
with the same multiplicity

.

If a =Yo -Tis a roof ofFA ,

then its occurs
with even multiplicity-



Roof : i) Reoluce to the care ofa simple
abelian variety .

So assume that

h= A Ni
,

Al = A , x ...
x As
,
where each

A : is Fg-imple .

The irogany
a induces an anopham

of

Tate mooheles :

Ve(h) : Ve(A)
= Ve(AD = Ve(n,)a ... Ve(A)

But we have
RowA=Yaoh

~x
Ve(h) · Ve /FA) · Ve(t = Ve(TA)

But in that care , we
see that

Ve(IA) : Ve(Al
-- Ve /A)

(x, . ., xs)+x /Ve/A,)
(e)
,
--

Ve(A,)(n,)
So this implic that

FA = Ga ... - FA,



Genough to consider simpl abelian varieties

Let X :

A - Al and
+ be the Rovati

involution Anduced by -

We first show that

IA0 = 197A .

But
irq : A = F .

x.. X = x a.. X

So of is enough b show
that - = 197

But
, by definitionA
I
A

- FA/F
,

By the properties of
the Verschibung map

Cree next Lecture) ,
we have

i = /Ag
and

Alig
= [P"Tar= [9Tar

I5A :I FAY
,

V
"

a:
= C9TA .Thus It

Now
,
since As simple,

A is a number

field : Furthermore, GA is a power ofthe



minimal polynomial of TA -

So the complex roots of g(and hevar fA)
are of the form 1/5A) where

2 : [Tra) <D K .

The relation Ya. = [9TA

=>
&(A) is stable under

the involutiont.

This is a positive involution
.

I

(a) Totally real
case : &*A stay aty

may

3) CD :

&(A) is a CA fied ie
.

F i : (A)
<4
,
i(x) = i(ect)

F x = &[TAT .

In either case, we see
that ITA .= 9

implos that
xeD is a rot offa,

then 11 = /9 .

fil the first
too assertions are eary

to

prome/exaroice) -



Assume that x = U9 or x = -V

is a root of FA . Then & (FAT cannot

be a CM field . This means that & (A)

must be totally real . In
that case

the only possibl rots
are C = I

F

because of the relation
xX= 9 .

them
-licty Mo

If I
has multig

-
It has multiplicity 29 -m .

But fr(0) = 1-1)
*

98
=obg(A)= q

=> (198 = q8 = mrn- ⑮

Let X be a valume offovite type
overty-

let Na =
= #X(Igu)

For any integer ns,oAr-rational points
.

be the number of -q

The zeta functions of X is defired by
-



z(X; t) : exp(E ) -RRtD .

Theorem Let A be an abelian variety/g
-

teGA.In T See it an
() # A(Tqn) = 411 - x) -

fil The
zeta funct ei given by
I
,
Is ... Regt where

z(Ait=-Roa ....Beg

each In It) -> & [t],
k = , -, ag;

and

i Given explicitly
in terms of

the di

aS follows i

T (1-xi--xist) -

Ef(t) := 12 i ..= 29

(ii) Functional equation
: z(A;i)= Z/A;,

a



Jacobian varieties
-

The fanctor
-

X is a complete non vingular
curve /K .

of X :

Territogranni:: Nic2! lieXte
· eree map :

R

D = EniE: deg() :=
:

·

For : E(x),
dir (8) = I ve(t) I

IeX(E)

= Dir(X) .

Prin(X) = 3 <- Div(X) : D = dir(t)

for some Le E(X)}
-



Ric(X) = Div(X)/linc(X) ·

Dow"(X)= = (DeDiv(X) : deg D = ob
UI

Pron (X)

Define Ric(X) = DiviX)/Prin(X)
·fact :
⑪-* I(D)

linebundd .

I + L
condence is well-defined;This comes

and retting obg (2) = de (C),
This iswependent of the

charse of D

-- D
,
D -> D'= D = dow(f)

But oir(f) has ogvea
o

.



We ran equally define Ric(X)
and Ric(X) as follows :

Ric() ==Lowe bewollen an xb/misnt
Ric(X) := Geie(X)(deg3

= /r -

Riemann - Roch Theorem-
Euler characteritic X(X,

2) :

xIX, 2) = deg(2) +1- 9 ,

where g = gene of
X-

Take T a connected scheme /K .

· XT
= X yspecIT

· It be the fibre of the projecti

PT : XxeT
-> T



Fr Le Dic(XXT) , then the map

t 1 > & /Xt
,
e) is locally

constant .

-> Oleg (2) is independent
of t.

Even better, of
T-T is a

relative base change , dy(E)
would

will be enchanged .

The functor :

FIT) : = G2eic(xi)/dgt = Faci
-
PicE,

m . Suppore X(k)+, Then

F is representable by an abelian
vanity

called the dan
of olimentiong,
variety of X omoted by Jac(X) .
--



The thoum says that
ther exists a pair

15
, 116) where J is an

abehin variety/,

and elois a live
bundle on Xx 5

such that the following
are frum :

(a) 16/xx404 =Ox and el6/2xx5=Os

(b) F Tas above) ,
te T
,
Lelic(xxT

each 2IXx4t3 = &x and /x4xTEOr>

there exits a myte up
hism 44 5

such that p(t) = 0 and &
= (4).

Zeta functions of curves--
-

Hasse-Weil-Serre Theorem
.

Let X be a complete
non. singular

Proposition Jac(X) its Jacobian
.

-
I aud

over -g/

write fx = elt-si)



Ex: are the root counted with multiplicity)
For any integer

M

#X(Fym) = 1 -Tr(x,) + gm

=1- x!* + gm :

i
= 1

Theorem Let X is a complete non wugular
- J= Jac(X) .
carve

over
&

f :=
t-ai)

Then
,
we have

a) z(xit) =I , where
&
Do :=

1- t

· Is :
= 1 -qt

Svecprocal
· I

, : = 11-xit) polynomia
/

of fil



b) z(Xit) = g =- z(x; 4) -

em . Let A be an abelian variety of

dimension /Fy .

Then
,
we
have

ITr(n)) = g .2259] .

There is an equality if
and only if

either
· it i

= 2259] . Fr

· xi + Xi =-(24], Fi

dollary .(H-W.

-S
.) Let X be a complete

ningular curve /Fg
. Then
,
the number

non-rationalpoints ofX,s bounded byof I -ualities :
He following ineq

C

9 + 1 -g(2) = #X(F) = 9
+ 1 +9(259)

S


