
HEIGHTS PROBLEM SET 4

Below you will find some problems to work on for Week 4! There are three categories: beginner, inter-
mediate and advanced.

Beginner problems

Question 1. Let K “ Qpαq be a number field. Let f be the minimal polynomial of α, and let p be a
prime that does not divide the index rOK : Zrαss. Suppose f factors as

fpxq ” f1pxqe1 . . . frpxqer mod p,

where fipxq P Zrxs such that fipxq mod p are pairwise distinct irreducible polynomials in Fprxs. Let
pi :“ pp, fipαqq for each i. Verify that pi is a prime ideal.

Question 2. Let K be a number field and OK be its ring of integers.

(1) Show that if I is a nonzero ideal of OK , then I XZ is a nonzero ideal of Z. Use this to show that
I has finite index in OK .

(2) Show that if p is a prime ideal of OK , then p X Z is a prime ideal of Z.
(3) Prove that every finite integral domain is a field. (Hint: To prove that a nonzero element α has

a multiplicative inverse, consider the set tα, α2, . . .u.)
(4) Combine the previous three parts to show that if p is a nonzero prime ideal of OK , then p is in

fact a maximal ideal. If p is a generator for the ideal pXZ, then OK{p is a finite extension of the
finite field Fp.

Question 3. Let K be a number field and let p be a prime number that does not divide the index
rOK : Zrαss. If pi is the prime ideal associated to the irreducible polynomial fipxq appearing in the
factorization of f modulo p, show that the inertial degree of pi is the degree of the polynomial fi.

Question 4. Let K “ Qp
?

´1q. Compute the relative height HK of P :“ r5, 6s. Use this to compute
HpP q.

Intermediate problems

Question 5. Let p be a prime ideal of OK , where K is a number field.

(1) Show that pi ‰ pi`1 for any integer i.
(2) Let α P pizpi`1. Show that the map of OK-modules OK{p Ñ pi{pi`1 induced by sending 1 to α

is an isomorphism.
(3) Verify that the dimension of OK{pr as a Fp vector space is rfpp|pq.

Question 6. Assume that K is a number field.

(1) Show that every ideal of OK is generated by at most two elements.
(2) Show that OK is a PID if and only if it is a UFD.

Question 7. Prove that if α P K for a number field K, then Hpαq “ Hprα : 1sq.

Question 8. Let K{Q be a finite Galois extension. Show that if σ P GalpK{Qq and P “ rx0, . . . , xns P

PnpKq. Then,

HKpσpP qq “ HKpP q,

where σpP q “ rσpx0q, . . . , σpxnqs.
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Question 9. Show that the two different embeddings K :“ Q
`?

2
˘

Ñ R induce different topologies on
K. (Hint: Can you construct a sequence of elements of K that converges to 0 in one topology but does
not converge in the other?)

Advanced problems

Question 10. (Generalized Liouville’s inequality). Let L{K be an extension of number fields and S be
a finite set of primes in OL. Let α, β be elements of L with α ‰ β.

(a) Show that Hpα ´ βq ď 2HpαqHpβq.
(b) Show that

ś

pPS |α|P ď Hpαq.

(c) Show that

p2HpαqHpβqq´1 ě
ź

pPS

|α ´ β|P ď 2HpαqHpβq.

[Hint: For the lower bound use that Hpγq “ Hp1{γq for any γ P Q.]

Question 11. Prove that if P P PnpKq with homogeneous coordinates rx0 : x1 : . . . : xns, where xi P K
for i P t0, . . . , nu and one of the coordinates is equal to 1, then

HpP q ě

˜

n
ź

i“0

Hpxiq

¸1{n

.

Question 12. Prove the product formula for number fields: for x P K˚ we have
¨

˝

ź

pPMSpecpOKq

|x|p

˛

‚

˜

r
ź

i“1

|σipxq|R

¸ ˜

s
ź

j“1

|τjpxq|2C

¸

“ 1.

(Hint: Let x P OKzt0u. Compute the size of OK{xOK in two ways: (1) Show that it equals the product
of the terms coming from the Archimedean places. (2) Show that if xOK “ pe11 . . . perr and pi X Z “ piZ
with pi ą 0, then #OK{xOK “

ś

peifii ). This is analogous to the proof of the product formula over Q.


