INTRODUCTION TO MODEL THEORY WITH APPLICATIONS

RONNIE NAGLOO

5. MODEL THEORY OF FIELDS I

In this lecture we take a close look at the model theory of algebraically closed
tields. We show how the various tools and concepts we have developed in the first
four lectures applies in this setting. This will be the first lecture devoted to looking
at some model theory of fields. In Lecture 6, we will study the theory the ordered
tield of real numbers.

5.1. Algebraically closed fields. We work in the language of rings £, = {+, —, x,0,1}
where +, X are binary function symbols, — is a unary function symbol and 0,1 are
constants symbols. We focus on ACF, the theory of algebraically closed fields, which
is axiomatized by the following £,-sentences:

e -(0=1)

o VxVy (x+y=y+x)

o Vx (0+x=x)

o Vx (x+—x=0)

o WxVz¥y ((x+y)+2 = x+(y+2))

o VaVy (x xy =y X x)

o Vx (1 xx=x)

o VxVzVy ((x X y) xz=x %X (y X 2))

o VxVzVy (x x (y+2z) = (x X y) + (x X 2))

e Vx(x=0V3dy(xxy=1))

e For each degree d € IN;-(, the sentence

Vag...Vag_13x (ag+ax + ... +ag_1x" 1+ x% = 0)

It is not hard to see that ACF is not complete. Indeed, for each prime number p, let
¢p be the sentence ¢ := (14...+1 = 0). Then ¢, is true in some models of ACF

while ¢, is true in others. Let
ACFU {¢} if p is prime
ACF, =
ACFU{—~¢, : pprime} ifp =0
It follows that for each p prime or 0 the theory ACF, is a completion of ACF.

Theorem 5.1. ACF, is x-categorical for every uncountable cardinal x. Hence ACF, is

complete.
1



2 RONNIE NAGLOO

Proof. We will use the fact that two algebraically closed fields of characteristic p are
isomorphic if and only if they have the same transcendence degree over the prime
field IF (recall that F = Q if p = 0 and [F = [F,, if p is prime). So let My, M, |= ACF,
of cardinality x > Nj;. Let A; and A; be a transcendence basis for M; and M
respectively. So M; = F(A;)™8 and M, = F(A,)"8. Since F is countable and « is
uncountable we get that

[A1] = [F(A1)"S] = & = [F(A2)"8| = | Aa].
and hence M; and M; are isomorphic. So ACF, is k-categorical. Notice that ACF,

has no finite modelﬂ Hence, we can apply Vaught’s test to conclude that ACF, is
complete. O

It follows that (Q”lg, +,—,%,0,1) = (C,+,—,x%x,0,1). We will later see that
(Q”lg, +,—,%,0,1) is an elementary substructure of (C,+, —, x,0,1). Moreover,
from the completeness of ACF, more can be proven:

Theorem 5.2 (Lefschetz Principle). Let ¢ be a sentence in L. The following are equiva-
lent:

(1) (C/ +1 s ></0/ 1) |: (P
(2) (IF;lg, +,—,%,0,1) |= ¢ for all but finitely many primes p.
3) (IF;lg, +,—,%,0,1) |= ¢ for infinitely many primes p.

Proof. (1) = (2) Assume (C,+, —, x,0,1) = ¢. Since ACF is complete it follows
that ACFy = ¢. We claim that there is a finite subset A C ACF; such that A = ¢.
Indeed, since ACFy |= ¢ we have that ACFy U { ¢} is inconsistent. By the compact-
ness theorem, there is a finite subset A C ACF, such that A U {—¢} is inconsistent.
So A |= ¢. It is not hard to see that for some N > 0 we have that A C ACFU {—¢, :
p is prime and p < N}. So in particular ACF U {—¢, : pis primeand p < N} |= ¢.
From this (2) is immediate.

(2) = (3) is clear.

-(1) = —(3) Assume that (C,+,—, x,0,1) [~ ¢. Since ACFy is com-
plete (C,+,—,%,0,1) | —¢. We can apply (1) = (2) to —¢ and get that
(]F;lg, +,—,%,0,1) |= —¢ for all but finitely many primes p. Since ACF, is com-

plete, this means that (lF‘;lg ,+,—,%,0,1) = ¢ only for finitely many primes p. [
Notice that we can replace C by any model of ACFy and lF?,lg by any model of
ACF,. Here is an application of the Lefschetz Principle.

Theorem 5.3 (Ax’s Theorem). Every injective polynomial map from C" to C" is surjec-
tive.

Proof. For K = ACF, recall that a function f : K" — K" is a polynomial map if
f="(f1,--., fu) with f; € K[xq,...,x,) foreachi =1,...,n. We say that f has degree
d if each f; has degree at most d. It is not hard to see that there is an £,-sentence

ou will prove this in the problem session.
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®,, 4 such that for F |= ACF, we have that F = &, ; if and only if every injective
polynomial map F" — F" of degree d is surjective. Using Theorem [5.2| (Lefschetz

Principle) it suffices to show that for any 7, d and any prime p, IFZlg = @, 4. Indeed
then we would have that C |= ¢, 4 for any n, d which is exactly what we want to
show.

Let p be an arbitrary prime number and for contradiction, suppose we have an
injective polynomial map f : (IF‘;,lg = (]leg )" which is not surjective. So there is
some a € (]F’;,Zg )" not in the image of f. Let b be the tuple of the coefficients (in ]F;Z,Zg )

of f. Let K be the subfield of ]leg generated over IF, by a and b. By construction,
the restriction map f’ : K" — K" is a one-to-one but not onto. However, notice that

K C ]F’;,lg = U0 FF i is finite. This is a contradiction since every injective function
from a finite set to itself is surjective. U

It follows that it can more generally be shown that the above result holds for
polynomial maps between Zariski closed subsets of C". One can also replace C with
any model of ACF.

Theorem 5.4. ACF has quantifier elimination and hence is model complete.

Proof. We use criterion () of Proposition 4.12 from Lecture 4. Let M, N |= ACF and
assume that A is a common substructure. It is not hard to see that A is a subring of
M and N. Since A is a subring of a field, it is an integral domain and hence has a
unique field of fractions. The field of fractions in M is isomorphic to that in N. So
without loss of generality we may assume that A is a subfield of M and N. Recall
that the atomic £ 4-formulas in one variable x are given by p(x) = 0 for p € Alx].
We hence have to consider ¢(x) an £ 4-formula of the form

r S

N (pi(x) =0) A A\ (g;(x) #0)

i=1 j=1

where i g; € Alx]fori =1,...,rand j = 1,...,s. Assume m € M is such that
M = ¢(m). We need to show that there is n € N is such that N |= ¢(n). If at least
one of the p;(x) = 0 appears in ¢(x), then m is algebraic over A. Let p € A[x] be
its minimal polynomial. Since N = ACF, we can find n € N so that p(n) = 0.
It follows that the fields A(m) and A(n) are isomorphic £ 4-structures (there is an
isomorphism fixing A which sends m to n). Since £ 4-isomorphisms are elementary
L 4-embeddings, we have that N = ¢(n). If no p;(x) = 0 appears in ¢(x), then

i—1(qj(m) # 0) means that m is not a root of the polynomials g; forj = 1,...,s. Let
B be the set of all roots of the polynomials gy, .. ., gs. It follows that B is finite. Hence
any n € N\ Bis such that \j_;(g;(n) # 0). So thereis n € N is such that N = ¢(n).

Finally, from Proposition 4.11 (2) we get that ACF is model complete. l

Remark 5.5. It is not hard to see, by inspecting the proof, that ACF, has quantifier
elimination and hence is model complete.



4 RONNIE NAGLOO

So we finally obtain the claim that (Q“lg ,+,—,%,0,1) is an elementary substruc-
ture of (C, +, —, X,0,1). There are several consequences of Theorem First recall
from Lecture 2 that if K = ACF then an algebraic set V- C K" is the common zeroes
of a set of polynomial equations with coefficient in K. More precisely, V C K" is an
algebraic set if there are polynomials P, ..., P, € K[x1, ..., x5 such that

VZ{EEK”IPl(ﬁ) ::Pk(ﬁ):()}
We have the following
Corollary 5.6. Let K |= ACF. A subset X C K" is definable if and only if it is constructible

Proof. The right to left assertion is immediate. Assume X C K" is definable. Suppose
¢(%,7) is an £,-formula and @ € K™ is such that X = {b € K" : K |= ¢(b,a)}. Since
ACF has QE, there is a quantifier free £,-formula (%, ) equivalent to ¢(X,7). But
P(X,Y) is a Boolean combination of atomic £,-formulas. So we may assume that
P(X,Y) is an atomic £,-formula, that is a formula of the form p(X,7) = 0 where
p € Z[x,7]. Let P € K[x] be the polynomial p(%,a). Then X = {b € K" : P(b) = 0}
is an algebraic set. a

Corollary 5.7 (Chevalley’s theorem). Let K = ACF. The image of a constructible set in
K™ under a polynomial map is constructible.

Proof. We write L = £,. Let X C K" be constructible and let F : K" — K" be a
polynomial map. By Corollary[5.6 X is definable, say by the Lx-formula ¢(X). Then
the image F(X) = {a € K" : K = 3x (F(X) = a A ¢(X))} is a definable set. Hence
by Corollary [5.6|again, we have that F(X) is constructible. O

Corollary 5.8 (Weak Hilbert’s Nulstellensatz). Suppose K |= ACF and I is a proper
ideal in K[x1, ..., xy|. Then there exists a tuple a € K" such that P(a) = 0 forall P € I.

Proof. Since K[xi,...,x,] is Noetherian, the ideal I is finitely generated, say by
fi,--, fr € K[x1,...,x4]. Let I’ be a maximal ideal extending I and let us denote
by F the field F := K]xy,...,x,]/I'. By construction K C F C 98, Notice that
both K and F*$ are models of ACF and that the point o = ¥ + I’ € F" is such that
f1(@) = --- = f(T) = 0. Let us write the formula A", (fi(X) = 0) as ¢(X, b) with b
the K-tuple of coefficients. Using model completeness of ACF we have that

F8 = 3% ¢(%,b) — K = 3x$(%,b).
Hence, there is @ € K" such that f1(a) = --- = fx(@) = 0. Since the f;’s generates I,

the result follows.
OJ

Let K = ACF. Given fi, ..., fx € K[x1,...,xn], we denote by V(fi, ..., fm) set of
common zeroes in K" of the f;’s. By definition V(fi,..., fi) is an algebraic set. It
turns out that the Weak Nulstellensatz also tells us that if V(fy,..., f) = @, then
the ideal I = (f1,..., fm) is such that 1 € I. So in particular, there are g1,...,gm €
K[x1,...,x4] such that 1 = f1¢1 + ... + fmQm- A natural question is whether there is
an effective way to compute the g;’s or to prove that they do not exist. It is not hard
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to see that this can be achieved by providing an upper bound on the degree of the
gi’s. Model theory gives an easy proof that such bounds do exists.

Proposition 5.9. Let m,n,d € IN. Thereis 6 € N such thatif K = ACFand fy,..., fm €
K[x1,...,xn] have degree at most d and V(f1,..., fm) = @, then there are g1,...,%m €
K[x1, ..., Xy of degree at most § such that 1 = f1g1 + ... + fingm-

Proof. Letm,n,d € IN be fixed. We will proceed by contradiction. However, observe
first if K = ACF, then any polynomial P € K|xy,...,x,] of degree at most ¢, is of
the form P(x) = P.(X,a) for some canonical polynomial P, € Z[x1,...,%,, Y| and a
some K-tuple of coefficients. So for each degree e, we also have fixed the canonical
polynomial P, € Z[%, 7).

For contradiction assume that no such § € IN exists. So for any e € IN, there is
K= ACFand fi,..., fm € K[x1,...,x,] of degree at most d with V(f1,..., fm) =@
such that, for any g1,...,9m € K[xq, ..., x4 if the degree of the g;’s is < e then 1 #
f181 + ...+ fmQm- Letay, ..., a,, be new constant symbols (we think of the P;(X, a;)’s
as the f;(x)’s) and let @, be the sentence asserting that

for allY,El,...,Em, 1 75 Z:n:l Pd(f,ﬁi)Pg(f,Ei).
So if we interpret P;(X, a;) as f;(X) the sentence ®, is a step towards saying that e is
not a bound. Consider now T the theory
m
ACFU {-3x A\ (Ps(%,a;) = 0)} U{P. : e € N5g}.
i=1
Let A be a finite subset of T. Then for some N > 0, we have that
m
A C ACFU{—-3x A\ (P4(%,3;) =0)} U{P,:e < N}.
i=1

Using our assumption we see that A is consistent. Hence using the compactness
theorem, T is consistent. Let F = T. Then F is a model of ACF in which the Weak
Hilbert’s Nulstellensatz fails. U

5.2. Complete Theories revisited. So far we have used Vaught’s test to prove that
a given consistent theory T is complete. However, in the next lecture we will look at
Th(R,+, —, x,0,1, <) and in this case Vaught's test will not apply. For example the
following is true.

Proposition 5.10. Thereisa R = Th(R, +, —, %,0,1, <) which has cardinality ¢ = |R|
but which is not isomorphic to (R, +, —, x,0,1, <).

Proof. Let us write M = (R,+, —, %,0,1,<) and T = Th(R,+, —, x,0,1,<). Also
let U be an ultrafilter on IN that extends the Fréchet filter. Consider the ultraproduct
R :=TIM/U (so here M; = Mforalli € N). Such a product is called an ultrapower
of M. It is not hard to see that R has the same cardinality as R since we have consid-
ered a countable direct product of R. It is also not hard to see that R = T. Indeed
ifp € T, then{i €« N: M; = ¢} = N C U. Hence by Lo§” Theorem, R |= ¢. Let

f € I'Tieny M be the function defined as f(i) = 1%1 and let us write € := f. Then e
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is an infinitesimal: R = (0 < €) and R |= (e < r) for any r € R. This follows from
Lo$” Theorem since theset {i € N: M = 1%1 < r} is cofinite and hence in U. So in
particular R is not isomorphic to (R, +, —, x,0,1, <). O

We will need the following alternate “test”.
Proposition 5.11. Suppose T is a consistent L-theory that has quantifier elimination.

Suppose that there is a L-structure A such that for any M |= T, there is an embedding
p: A — M. Then T is complete.

Proof. Let ¢ be an L-sentence. We need to show that either T = ¢ or T |= —¢. Since
T is consistent, there is M |= T. Since ¢ is an L-sentence we have that either M |= ¢
or M |= —¢. Without loss of generality let us assume that M |= ¢. Let N |= T be
arbitrary. We need to show that N |= ¢. Since T has QE and A embeds in both M

and N, from Proposition 4.11E|we have that
ME¢ < NEg.
Hence T = ¢. O
As a corollary, we give a different proof that ACF, is complete
Corollary 5.12. ACF, is complete

Proof. We have already seen from Theorem [5.4| (see Remark [5.1) that ACF, has QE.
Recall that the prime field [F is such that F = Q if p = 0 and F = FF, if p is prime.
Then F embeds in any model of ACF,. Hence using Proposition|5.11, ACF, is com-
plete. g

2Proposition 4.11 can be easily modified to work for common embedding rather than common
substructure.



	5. Model Theory of fields I
	5.1. Algebraically closed fields
	5.2. Complete Theories revisited


