
Quadratic forms and the local global principle
Lectures : Hasse principle violations

Part 't . Curves ( g > 2)

Parts . Well conj . for elliptic curves ( genus 1)

Part 3 . Lind 's Hasse violation

Roadmap :

wk1 :

Quad formyl,

I 1
Week2 : Hensel's Week 3 :
Quad - - - -

- - -

Quadfrrmycepforwshfq
f- Hasse- Minkowski g=o

Week 4 : sufcess
Quadformyce Hasse

principle

flails
TODAY

e. g.
Selmer
curve

g- I

-



Let f- (x) = any homogeneous deg 2 poly in Xi , . . , Xu .

= I Cij Xi Xj ← this is a quad
is isjen form !

from Wk 1 : can extract an Assoc. Symon matrix
:

(aij ) aij
= { ,

Cii if i=j
zcij if i -j
'

zcji if i> j

Them (Hasse -Minkowski) Any homog deg 2 polynomial
Sak shes the Hasse principle .

( f -- O has saSoh on a ⇐ f-o has a soil nowDp
Fps@ I

o deg 3 ?

£ : No :C

Selmer example : 3×3+443+523=0

has hmtiu solus on Qp tf PED

BUT no notthe Sth or Q
.

i.e . 3×3+44452-3=0 Violates the

Hasse principle



seems
to have

"
2 -du

"

meth

[3×3+4445-23=0 r of Sohn .

Bet : tf (Xo ,
Yo

,
Zo ) is sasofnto

) "gennady
"

,
the

( X Xo , 7 Yo , Ato)
is also a nontriu

p
Soh . !

feels similar to ( Xo ,Yo ,
Zo)

we often quotient by this scaly .

Instead of viewy 3×3+443 -152-3--0

in { ( Xiii 't)ek④s }

we prefer to view this in

{ ( XM , Z) C- k④3 ) = (P2
(scaling

So now we see 3×5+44452-3=0 as a curve

(one did) g
-
- l

Quad form e. g .

X. TYKE -0
g=o

of rk3 defines a curve



Part 1 : curves (g> 2)-
Solutions to C : y

'
= f-Cx )

where f- txt E Z Cx ]

and f- txt has no repeated
roots over OI .

f-HI -- IT Cx - ai EE
- all distinct

- deg C :-. deg f
- deg C =3 elliptic curve g

-
- I

• deg C ⇒ 4 hyper elliptic Curie g.32

How do we produce Hasse violations ?

Work of Clark -Watson

study Hasse violations in families of
"

twists
"

{ Cd : dy
'
= fix) / dEI sq free ) .

Them . (Clark - Watson ) Assume the abc Cmj .

If C has even deg 36 Elf has no roots in Q , then
there are in-f . many d ER sq - free set

. Cd
violates the Hasse principle .



Part . Weil Cory
'

.
for elliptic curves
-

X genus 1 curve defined over Eq , smooth .

X (Fgm ) : = set of all Solus to the egu
=

over tem .

# Xhtml ← study this !

Zeta function fr X :

2- ( x ; t ) : = exp ( m? ,
In # X ( Fgm) tm )

= Itf Tt II
d

l't ET te .
.
.

Them . (Deligne )

2- ( X ; t )
=
Chat) (*,

( I - t ) ( I-qt )

where a p alg integers and 191=1 pl
= TE .

cacti:S:#fire ::ii. are
In particular , X CEN 't 0 .



Pf
. By defn : mod .

t2
,

2- (X it ) = It #Xgt .

Using Lt ) & still Wong Med t
'

:

It #Xllfelt =
CEBt )

( I- t ) ( I -gt )

= ( I-at ) ( I- pt )Cltt )
(Hgt )

I Itcqtl - Cates ) ) t

⇒ # Xltfe) = gtl - (Atp )

⇒ latest -- la- #Keep -111
N X

KI -1191=247 I #Xafe) - g- It

⇒ -zigs # Xufe) - g- LEGIT

⇒
qtl - 2rqE # XUFE) Eqtl there
"

( IT - D2 ⇒ # XCFE) > o

Vo ⇒ XCEe7t 0 I



part3ilind-Reichardtaerve-ysmoothg.eu
us

C : - 44+17 y4+22-2=0
1 Curve
#

Wyatt : show CC Qp) to tf PED and CCO)=0 .

① CCIR) to

② C.Cop) # 0 tf p # 2,17
←
"

good red .

"

③ COLD , CEQA) f- Of

④ CCO ) =p

① ( 1,01¥ ) E CCIR)

② If p # 2,177 this C is smooth over Ep .

⇒ can apply the Hasse- Weil bound to X
-

- C

⇒ ( ( Ep ) to

¥ Clop ) # 0

Hensel's lemma

③ CCAA ) if it C-Oi , the llioyhzteckfj
run
-



Claim : 52 C- 047 .

PE. Is VIE FA ? Check : ④if 5=1114,9 , 16 ,

8,201 . . .

so XZ- 2=0 has a sole mod 17

( X = 67

H e'll's
×↳z⇒ has asole ' u 747

⇒ IT t 047

coed

Exercise : 4477 C- Q2 . e- - XE't 17yd -1225

⇒ ( it , I , o ) C- Clad

④ Suppose (Xo , yo ,
Zo ) E CLO ) .

° Can assume Xo , yo , Zo C-I

° Claim : can assume that Xo
,Yo , Zo

are all rel . prime

PI pl Xo , yo ⇒ p4122-5 ⇒ P' lzo

⇒ Cff, 'f÷ , tf ) EE Acca ) .



° Claim : Zo 't 1

If it were : - Xo4tl7yo4 -12=0

reduce wired 17 ' Xo4=2 mod 17 .

(check : CFI )4 I 1,4 , 13,161 ) #
b
-

• Claim : 2-of 2N , N C- 2
> ,

.

→
If it were :

- Xo4tl7yo4 + 2- (2N 12=0

med 17 , Xo4 = 22Nd

(check . 22N" mod 17

C- I 2 , 8,91151 )
-

*

•
Clan : Zo is no't dit by dry odd prime !

If: say plzo .

Then X 04=17 yo4 mod p2 (Note :

⇒ HE Clfpxgr
ptxocyo )

Pset 2 ⇒ p C- CHIP#to



Applying this -6 every odd p divide 20 :

2- o = 2N . CZ mod 17
ITT

⇒ xo4 = 2- ( 2N . ( Zo
' )
')
-

mud 17

⇒ ×o4 = 22Nd zf 4 mod 17

-
-

-

⇒ 22N" E II )
" #

So : Zo ¥ I
, power of 2 , div by anodd pm

#
i
. CCO ) = 0 .

=


