
Quadratic forms and the local global principle
Lecture 4 : Quadratic Forms over 0L

Part 1 . Hasse- Minkowski

part 2 . Classification of quad forms 1112

Part 3 . Classification of quad forms 10L

Part 1
.

Hasse - Minkowski
-

local - global principle : (Q = IR )

if we can understand - over Op Kp SD ,
can we understand- over Q ?

Example say a e Q .

Qi tf X
'
- a
-

- O has a sober in p f PED,

does X
'
- a
-

- o has sa Solh in Q ?

By prime facton'tan : fraudnah -for
a = I IT pnp = ± IT pvpcal at P

pro pro



• If XZ-a -- O has a sole over IR

⇒ +

• If X2a=o is solvable over Qp

⇒ up ( XY = up Ca)

⇒ 2 up (XX )
= up Ca)

⇒
up Cal is even

⇒ vptza) is an integer .
T -

applies to at p so .

⇒
IT puff

'
e Q

p soo

Further : ( pTy@p4fI1t-a-pT.p
""
-a=o

So we've shown : X
'
- a

-

- o solvable ftp.so

⇒ X'- a --O solvable inQ f

"
XZa=O satisfies the Hasse Principle

"



Rephrase :

X
'
-

a
= O is solvable over k

⇐ X2- a ZZ o has a month solar over k

⇐ the quad form X
'

-aZZ reps 0 over k
.

Therefore : Example proves :

f = quad form / dim 2

( " ÷::D :* .
(

f rep results 0 over Q

if and only if f reps 0
over

p

Fps • .

PI
"

if
"
: argument in example

"

only if
" f rep 0 over Q

⇒ f, reps 0 are Op
obvious I

.

Timi Hasse - Minkowski ) f any quad form 10h .

Then f- hepresents O ⇐ f. represents O H PED .



Cor . f- any quad form 10h, a EQ arts .

Then f- reps a ⇐ fp reps a fps @ .

part2.classificatnfquadforwu.IR#1Rx
=

IR
"

= rep by ± I
1113×12 KIR > o )
- -

By orthogonality t (112×12=112> o , we know *hat

every quad form
f is sit.

f- ntxix . . . ttxn , -4,1 . . . -4's' )
-

-

for some integer of sin .

-

claim . The integers only deep Nn f . Calls -- s Ifs
.

The pair ( n-s , s) is called the signature off .

• f is define if 5=0 or 5=4 ( f anisotropic)

• f- is indefinite if SFO , n

Them ( classification t IR ) .

f. f
'

quad forms over IR . fnf
'

⇐
Nfl - hlf )

,

Scf) = s Cf 's



Can define discriminant in the usual way
:

dlf ) - C-Ds E "2%112×12 = KIR
> o

-
- III ?

Hasse invariant fer IR can bedef in the same

way as our ②pi
Hilbert symbols

, g f
if aX4bY ? ZZ has a

[ a , b )
nntriv Soh owe IR

y
'

-I otherwise

their

Edf) : = Cai , aj ) so

where : a ; = {
1 if Isis n - s )

( on , yea , @ = I. " 'f " '
' " "&

Est )
(-1 ,- 1)* = - 1

.

2

'

= it ,
# '

.

So : silt ) recovers dlf) =L-Ds
←

And Eoff ) = (y ,so-1112 ←



Part 3 . Classifycafe of quad forms / Q
-

Tim .
f, f
' quad . forms over Q .

f- n f ' ⇐ fp Nfp
'

f PED .

PI n
-

- l V comment : ⇒ is

Obv
.

We'll prove this by induction . ⇐ regime
Let u = n (f) = n Cf' ) ,

work.

Let a C- Q be any elf represented by
f

.

⇒ a is represented by Fp
⇒ a is represented by fp

'

By Lemma 3.10 of the
notes

,

→ f n att g

f
'
n a Z't g

'

for quad forms g.gl of
rank n - I .

In terms if quad spaces : for k= or Qp

( kn, f)
⇒ ( k , aE) ⑦ ( kn

- I

, g ,
PSA

of of G-

( Kh , f) ECK ,
a ZZ ) ④ ( km, g

'

)
G-

STAT



Our assumption :

(Qf , f p ) = ( Op
"

, fp
'

)

Obu: (Qp! AZZ ) = cop? aZZ )
Witt 's theorem ⇒ Given any

W C V quad spaces ,

and any Ui , Uz s -

t
.

W⑦ U ,
= UV ④ U z = V .

Then U ,
I Uz

⇒ pm, gp I (Opm, g, I .

V Ps a

⇒ LOT 'g ) I can - ', g' )
T

Ind hyp

⇒ can, f) ⇒ (O ,
aZZ ) ① COM , g )

E (Q , a
-22 ) ④ ( Oh

-I
, g
' )

I can , f
' ) tf

.

Than ⇒ any quad form f- over Q is character=-D b :

• rank nCf )
• discriminant d l f ) ← recover dplfpt Hp( • local Hasse int sin!!! ', ' "I * a invariant .• signature



Prep . Let n ER > o , DE cough ) Cfp lpga ,
SEE

>o

-

eachII

satisfy :
① Ep =L for all but f many P

and T1 Ep = 1

pso
Of
② SE n

③ do = cyjs

④ E = (y )
SCS-1112

Assume further

• If n=l , th Ep
= 1 A PEA .

• If h=3 the Cdp , Ep ) FG ,
-1 )

of din
cap ,z

THEN : f f quad form over
=

with the above invariants .



Pf (n -- 2 case )

Ttssume Cdp , Ep ) # Cy ,-D f Paso ( treaty
By last weeks avg , for each pen , separated

F apt Qpx set. Cap , - dp ) = Ep .
Cx )

since Cap , - dp ) = jeep = I

then the
"

global Hilbert symbol Hm
"

(Thon4.5 )

⇒ 7 a C- Of St . Ca
,

-d) p= Cap ,
- dplp

-

-

=

Ep f PED

In other words : a C-②
× realizes Efl these

[global) local Hills . Cymbds
Simultaneously .

Now try : f- =aXIadY2

Cheek : n (f) = 2in F
d Cf ) -- a'd = de c

2 v

Eplf ) = Ca , ad )p= Ca ,
-a)

p
- Ca
,

-d)
p
-

- sp V
-

I
= I



Ex . If s -- O ;1 ,
2 : what are da , e- ?

(n '- 21

Note f = all't ad 42
=

11

( QED , a NMQLFD ) 10h )


