
Quadratic Forms and the local-global principle
Lecture 3 : Quadratic forms over Clp
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Q : What it K - Qp ? PF 2

First : What does 0451 Cap 12 look like ?
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• ap also does not have a square root in Op
"

check : apt a, pit in Gpxfcccepxyz .
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Fact : Op has exactly 3 non isomorphic quad
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Hk quad extn .
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Apply tbh to ① 120130 to get 3 mo on is our

space form disc C- Qi
/ Kai'
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- a2pY2 - a3p = -ap
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7th one :
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Ca , b) .

.
= / t 't if all 't 242=2-2 has a Solh

( X , Yet) E Qp④3 - 110,0073
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-

t BY 2=2-2 always has a anti
sole
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a ) .
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(a , p1=1 ⇐ aX
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- -
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odd ever

so
*
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So la , pl = I ⇐ a is the norm of our
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be )

,
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• ( a ,b) = ( b , a )
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3rd Prop ⇒ Hilbert tymbal descends to a map

Q%@pxjz
"

apxgz
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Def . (V , Q1 quad space over Op .
Wrt some orthegban .
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QCX ) = a ,Xi taek't
. - - tanxn , ai C- Of

The Hasse invariant
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[ (Q) -

-
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C- It 13

isj

Note: etQ1 depends only on (Vi Q) and not on

(Thon ! ) the Anau of orthog basis .

Ey . Revisit our 7 quad spaces of dm 2 Cpt 27
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-

- X
'
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⇒ dlf) = - a C- 010×16,512
self) = ( I , -a) = ( 17 -a) = I

④ (Qp (rat , p Nm) ⇒ f =p X
'
- ap 'T

2

⇒ dff ) = - ap! - a E@pxy
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Elf) = ( p .
-

ap) = Cp ,
-

p ) ( p , a )

= ( p , a )
= Ca , p )

Tso Effi = 1 ⇐ a is the norm

v of one It or
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Recall : a is not a square mold p -

⇐
a 1/2=2-2 has no Soh

und p

#
aX 'tpY2=z2

⇐ a X2x PY 2=-22 has no Soh in Op .

Part 3 . Class ificatr of quad spaces over Op-

general .

A quad form is a fn if the for
-

f- (Xii . . . , Xu ) = .

,
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,
aijXi Xj fu ai; Ek .

We say that ( k④Y f ) is the quad space assoc . to f
.

We say f. f
'
are equivalent ( f-Nfl )

if their
-

Assoc . quad spaces are isom .



We say f represents a Ek if F a umtriv

Sohn to HX ) - a .

-

k=⑥p

Tim (classification over Op )

f
, g are quad forms

one@ p

Tha frog ⇐ n (ft -- n Ig ) ( rank)

defied Lg ) ( died

(HaveElf ) = Clg ) invE)

Q For which triples ( n , die ) (
NEX

> o

does there exist a quad form f
d E 9×40,572
EE Iti ?

with nff ) -- n -

d Ifl =D
7

Elf) = E -

PIP . F a quad fun f- with Catti , dlfi.elfil-cn.de )

iff one of the Alloy holds :

• n
-

- I d E-- I

• n=2 4 ( d. E) t C - I , - l ) 8

• n> 3



PI NI f n DX? ⇒ d Cf) =D , Effi -- I

n
-

- 2 • Claim I
.
(die) = C-I , -1 ) is not realizable

.

-

-

Pf . Write fr aX2tbY2

then d (f) '- ab , Elf) = Ca ,
b ) .

If dlft = - I , then ab = -I
-

⇒ elf) = ( a.b) = ( a.b) C -bib )

= f - ab , b ) = ( I , b) = 1 .

✓
-

• Claim 2 .

If d 't - I , Earls , the (die )
is realizable .

tf . dt - I ⇐ - d E F)
2

.

⇒ for any E ,
F atop et.

( a , - d) = E .

( since norm maps fo extns

of Qp are never surj . )

consider f- ~ aX 't adY
'
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V

✓



• Claim 3 : l - I , I ) is realtable .

PI f n X
'
- Y 2
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n
"
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dlgl -- aid F - I
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Set f NaEt g
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,
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a
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Core. Over Op , p odd , there are
'
-

• 4 quad forms of rk I

• f - 1=7 quad forms of rk2

a 8 quad forms of vk n for Aug u33

Fact . I ca,pl
-

- 8

Coy . Over Q2 , there are :

• 8 quad forms if rk
I

• 16-1=15 quad forms of rk 2

• 16 quad forms of rk n for any
n> 3


