
ArizonaWinterSchool 2021 : Week1L
Quadratic Forms and the Local-Global Principle

Quadratic spaces .
-

Def . V -- f. dim
-

du -sp over k .

A quadratic on V is fn

Q : Vt k sit.

( t) Q lax ) = of - Q ( x) tf AE k , XEV

( 21 the tn Vxv → k

(Ky ) t Qlxty )- Qlxl - Qly)
is a bilinear form .

A morphism of quad. form (V ,
→ (via ) is

a v. sp horn 4 : V → V
'
s

.
t . Q'04 = Q .

If 4 is ash ison , often say 9
is an tomey .

Observe : o Fn Isn (2) is Sy mm

• (X , x ) t Q12x ) - Qlx)- Q1x)= 4Qlx ) - ZQIX)
= 2 Qlx ) .

Assurance forever that char k¥2 .

Set hat x.y ) - I ( Qlxty ) - QIXI- Qlyl ) ,

ha : Vxv → k

Have : { quad forms V → k )← / Symon bitin form
Q '→ ha Vxv → k

)



Ex : Cal V - k④ k

Q : V→ k
, Cxiy ) to Xy

hah , > Vz) = I (Qlvitvzl - QIU) -Q (vz) )
" ' H' ' Y ')

= 's (( x ,# e) Cyityz)- xixyixzyz)
VE CXZIYD

= { ( x , yztX2Y ' ) '

( b) V = Quad field extn of k .

Q :Vt k , X t Nml x )

More explicitly : pick de k , squarefree , Seth Kcra]

Qlxtyid ) - ( Xtyrdllx
- yard ) = x'- dy

'
.

What is ha 2

Pick a basis e, , . . . , en of V .

Define A- = laij ) i. jai , . . . ,n by aij :=hQ ffisej )
-

symmetric matrix halejieil - aji

charge basis by XE Gluck ) , then
A- gets replaced by XAX?

Obs: det IA)detttt.de#XYdetCA) dep on the Atia tf basis . but only up to an elf
of I?



i
.

Can define

disc (Q) : = Im of det CA ) in k%fe.gr .

EI: write down an A for Ex Ca) , Cb)

what is the discriminant in these cases ?

Orthogonality .

-

( ViQ) + choice of M A Symon matrix
quad basis of V
space

Thisvideo : 7 a choice if basic set . A is diagonal .

Fix ( V ,
Q) quad space .

• x.y EV are orthogonal if h Qlxiy ) = O .

• for any subset SCV ,
let

St : = / ve V : h I v. s ) - O Hse S }
' Vi ,Vz C V subspaces . we say V , ,Vz are

orthogonal if V , C Vzt
. y

'
-

= orthogonal complement if V itself
= the radical of V

• Q is nondegenerate if VI - o .



• X E V is isotropic if Q 1×1=0

• x EV is anisotropic if Qlx ) to

•
a quad sp is anisotropic if every nonzero

vector is anisotropic .

Lenya . If LV , Q) is nondegen , then

✓ → Hom IV , K )

v t ( wtf hah ,
w ) )

is on isomorphism .

If . If halv , w) -- O f w f V ,

then ve Vt = o ⇒ to ⇒ infectivity .

dimV= dm Homlv , k ) ⇒ also get surj . I

Prep . If U ↳ V is sit . QIU is nondegenerate ,
then V = U ④ Ut .

PI - Mondegen f U ⇒ Un ut - o .

ETS : V = Ut Ut .

Take TEF & consider the lenfnl Uw Kiowas .
By Lemma , F ut U sit . halwivl-halw.ci) AwfU .

⇒ ha (w , v - u ) - O V-well ⇒ U - U E U
't

.
I



thru . Every quadratic space has an orthog basis.

PI Inductor den of V .

• If 1/1=11 , then any basis if V is an

orthogonal basis if V .

• If Vt € V , then I e , E V anisotropic .

o

#

⇒ ke
,
is a nonedegeu , quad sp .

so we can apply Prop U
= ke , .

⇒ V = ke
,
⑦ Kef "

- y n

din n- I

Let e , s . . . , en be an orthog basis of V .

Then the assoc
. matr A = (ai j )

Aig = ha lei , ej ) = 0
if#j

⇒ A is diag
Moreover : rank A = A nonzero ells a toy drag

= codim of Vt

EI : find an orthog basis for Ex Cal , lbs.



2-erospaos,hyperbolicspaces,audanisotropicsp#

In this video :

every quadratic sp is a sum of :

o Zero space ( radical Vt )

• split space ( hyperbolic space )

o nonsplit space ( anisotropic part )

Note : orthogonality ⇒ can always split off the radical.

( V ,
Q) is a fixed nondegen quad sp .

Iet . A hyperbolical HAI is a two -devil

quadratic space (Ha ,Q) sit .
7 a basis v. , ve ofHz

satisfying :

Qtv , I = Q (vz) = O , holy , vz ) = I .

A hyperbolic space of dim 2 I # 2)
④ t

-

Hu

EI Ca) Is a hyperbolic plane !

(b) is not t anisotropic



then .
V = Hzr ④ W where W is anisotropic .

Moreover
, such a decamp is unique upto isom .

-

Witt 's theorem-

see notes &

problem set .

Pf of existence . Repeated application of the tollmy
key propositi . : nonzero

key prop .

If V contains a V isotropic vector ,
-

then V contains a hyperbolic plane .

If - x EV nonzero isotropic vector ; i.e. Qlx1=0 .

nondeg of Q ⇒ F y EV sit . h ( x ,y )
= I .

Claim : H : = span IX. y ) is a hyperbolic plan .

If: Take y : = x

vi.= y + Xx
( holy , vz) -- I( awh: own .① (vz ) = Qfyt Xx )

= holy tax , Y -17×1
=

Qlyltafhalx.ylthaly.nl/--Qlyi-27 ⇒ A = -QLD thenQhh



Universality :

• A nonde gey quad fu (V , Q1 is universal if

QIU ) 3k¥ ,

non degen
Lor . Any

✓

quad B.pace with a nonzero isotropic

vector is universal .

PI A hyperbolic plane is universal . I

a Why do we need nondegeneracy in the car ?

• Does every universal quad space

( contain a nonzero isotropic vector ?

Hint : Ex lb ) .


