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Let S be a finite set of (rational) primes and X/ZS a suitable model of
a hyperbolic curve X/Q. A central role in the non-abelian Chabauty method
is played by the (global) Selmer variety SelS,U (X ) [1, §2 & §8] corresponding
to a suitable quotient U of the Qp-pro-unipotent étale fundamental group of
X (at a rational basepoint). Whenever the localisation map loc : SelS,U (X ) →
H1

f (Gp, U) is non-dominant – for instance for dimension reasons – the set X (ZS)
of S-integral points is finite. More precisely, each defining equation of the
(scheme-theoretic) image of the localisation map gives rise to a p-adic analytic
function on X (Zp) vanishing on X (ZS), and by understanding these functions
one can often compute the set X (ZS) in practice.

The broad aim of this project is to understand the equations cutting out the
image of the localisation map. There are several key examples in the literature
where the non-abelian Chabauty method has been made explicit (to varying
extents), including:

1. the quadratic Chabauty method [2, 3];

2. explicit Chabauty–Kim for P1 \ {0, 1,∞} [4, 5]; and

3. the contributions from places ` ∈ S [6].

The first part of this project will consist of collating these examples and recasting
them in the language of equations for Selmer images.

Once these examples have been collated, the second part of the project
will be to explore several new examples where explicit equations for Selmer
varieties can be found, and then to use these to determine rational or S-integral
points. The main example we will consider is determining S-integral points
on X = P1 \ {0, 1,∞} for #S = 2. Using the refined Selmer varieties of [6],
one expects the Selmer image to be cut out by quadratic relations in depth 2
(i.e. for the 2-step unipotent quotient U2), and we will identify exactly what
these relations are. Using this, we will compute X (Zp)S,U2

in small cases (esp.
S = {2, 3}), and compare it to X (ZS).

Project requirements

You should already have a basic understanding of the workings of non-abelian
Chabauty and the theory of Selmer varieties: what they are and how one controls
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their dimension. An understanding of iterated Coleman integration is helpful
for the latter parts of the project, but not necessary. You should be willing to
familiarise yourself with the contents of at least one of the papers [2, 3, 4, 5, 6]
before the winter school and present the main results to the rest of the group.
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