LECTURES ON THE IWASAWA THEORY OF ELLIPTIC CURVES
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ABSTRACT. These are a preliminary set ot notes for the author’s lectures for the 2018 Arizona

Winter School on Iwasawa Theory.
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1. INTRODUCTION

Iwasawa theory was introduced around 1960 in the context of class groups of cyclotomic and
other Zy-extensions of number fields. The Main Conjecture of Iwasawa theory proposed a re-
markable connection between the p-adic L-functions of Kubota and Leopoldt and these class
groups §1], §5], including among its consequences certain refined class number formulas
for values of Dirichlet L-functions. This Main Conjecture was proved by Mazur and Wiles
in the early 1980’s.

Beginning with work of Mazur and Swinnerton-Dyer in the 1970’s and especially in sub-
sequent papers of Greenberg , the ideas of Iwasawa theory were extended to elliptic
curves and — having been suitably recast in the language of Selmer groups — other p-adic Galois
representations. Each instance has its own Main Conjecture (at least conjecturally!) relating cer-
tain Galois cohomology groups (the algebraic side) with p-adic L-functions (the analytic side).
And like the original Main Conjecture of Iwasawa, these Main Conjectures have consequences for
the (expected) related special value formulas. In the case of an elliptic curve E this can include
the p-part of the Birch—Swinnerton-Dyer formula when the analytic rank is at most one.

The aim of these lectures is to describe the Iwasawa theory of elliptic curves, stating the
associated Main Conjectures and reporting on some of the progress that has been made toward
proving these conjectures and especially some of the arithmetic consequences.

Prerequisites. These notes are prepared with the expectation that the reader will have a solid
background in algebraic number theory and be comfortable with Galois cohomology and Tate’s
duality theorems ([49, I is a good reference for the latter). These notes focus on the case of
elliptic curves, but this course was chosen with the expectation that the reader will be more
comfortable with this case than with that of a general eigenform and because this is probably the
case of most interest (and it also simplifies some notation). While very little specific to elliptic
curves is used, it could also be helpful to have a familiarity with their basic arithmetic ( would
be more than sufficient).

Additional readings for details. Those seeking more details should be able to easily find
some in the literature. In particular, in addition to the earlier cited papers of Greenberg, [23],
[24], and contain a wealth of foundational material (and many examples). Kato’s paper
is an introduction to the circle of ideas carried out in for elliptic curves and modular forms,
while , , and help illuminate aspects of . However, for details of the proofs of
many of the more recent results (such as [64]) the best current resources may be the original
papers themselves.
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Some notational preliminaries. We let Q be a fixed separable algebraic closure of Q. Given
a subfield ' C Q we let G = Gal(Q/F). For a set X of places of F, we write G5, for the Galois
group Gal(Fs/F) of the maximal extension Fx, C Q of F that is unramified outside . If F = Q
then we may drop the subscript ‘Q’ from our notation (writing Gy, for Gg »). For a place v of F
we let F, be a separable algebraic closure of the completion F, and let G, = Gal(F,/F,). We
let I, C G, be the inertia subgroup and, when the residue field of F,, is finite, Frob, € G, /I, an
arithmetic Frobenius. Generally, we will assume that we have chosen an F-embedding Q — F,,,
which identifies G, as a subgroup of Gp.

We fix conventions for the reciprocity laws of class field theory as follows: For a number field
F and a place v of F we let recp, : F) — G“b be the reciprocity map of local class field
theory, normalized so that umformlzers map to hfts of the arithmetic Frobenius. Similarly, we
let recp : F*\AYX — G% be the reciprocity map of global class field theory, normalized so that
recp|px = recr,.

Throughout, p is a prime number (usually assumed > 2). We let € : Gg — Z, be the p-adic
cyclotomic character.

At times it will be useful to view elements Of@ as both complex numbers and p-adic numbers.
To this end we fix embeddings Q — C and Q — Q,, which will be tacitly in use in all that
follows.

Finally, one last bit of general notation about modules: Suppose M is a module for a ring R. If
¢: M — M is an R-linear endomorphism of M, then we write M[¢] to mean the kernel of ¢. A
commonly used variation of this will be to write M[r] for M[¢p] when ¢ is just the multiplication
by r map.

Acknowledgments. It is a pleasure to thank all those who provided feedback and corrections to
these notes, particulary Francesc Castella — who carefully read earlier drafts — as well as Kim
Tuan Do. The author’s work has been supported by grants from the National Science Foundation
and a Simons Investigator grant.

2. SELMER GROUPS
We begin by recalling the usual Selmer groups of an elliptic curve as well as some generalizations.
2.1. Selmer groups of elliptic curves. Let F be an elliptic curve over a number field F.

2.1.1. The Weak Mordell-Weil Theorem. One of the fundamental results about the arithmetic
of F is the celebrated theorem of Mordell and Weil:

E(F) is a finitely-generated abelian group.

An important step in the proof of this theorem is the Weak Mordell-Weil Theorem: for any
positive integer m > 2, E(F)/mE(F) is a finite group. This yields the Mordell-Weil Theorem
when combined with the theory of heights on elliptic curves, especially Tate’s canonical height.

The Weak Mordell-Weil Theorem is generally proved by realizing E(F)/mE(F) as a subgroup
of another group that is more readily recognized as having finite order. This makes use of the
Kummer map for elliptic curves. Let P € E(F) be a point and let Q € E(F) be a point such
that m@Q = P. The map ¢¢g : Gr — E[m], 0 — o(Q) — Q, is a 1-cocycle. Let cp = [¢g] be
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the class of ¢g in the Galois cohomology group H!(F, E[m]). If ' is another point such that
m@’ = P, then the difference ¢g — ¢ is a coboundary, so cp depends only on P. The map
E(F) — H(F, E[m]), P+ cp, is clearly a homomorphism. A point P € E(F) is in the kernel of
this homomorphism if and only if ¢p is a coboundary, that is, if and only if there exists R € E[m]
such that 0(Q) — Q = o(R) — R for all 0 € Gp. But this is so if and only if 0(Q — R) =Q — R
for all ¢ € Gp, and so if and only if @ — R € E(F). But then P = m(Q — R) € mE(F). This
shows that there is in fact an injection

E(F)/mE(F) < H'(F,E[m]), x(P)= cp.

The map k is the Kummer map for the multiplication by m endomorphism of E. It is just the
boundary map in the long exact Galois cohomology sequence associated with the short exact
sequence 0 — E[m| —» E 2 E — 0. However, we have not yet achieved what we wanted: the
group H'(F, E[m]) is infinite. We seem to have gone in the wrong direction! To finish the proof
of the Weak Mordell-Weil Theorem one makes a closer analysis of the image of &.

Let v be a finite place of F' not dividing m and such that E has good reduction at v. This only
excludes a finite subset X of all the places of F. Let k, be the residue field of v and let ¢ be the
characteristic of k,. Let E be the reduction of E modulo v; this is an elliptic curve over k,. As
¢ { m, the reduction map is an isomorphism on m-torsion: E[m] = E[m]. Let o € I,. Then o
acts trivially on E and so o(Q) and @ have the same image in E. In particular, o(Q) — Q reduces
to the origin in E. But ¢(Q) — Q € E[m] and so it follows from the injectivity of the reduction
map on E[m]| that 0(Q) — Q = 0. In particular, the restriction of c¢g to the inertia group I, is a
coboundary. This means that the image of k is contained in

ker & H'(F, E[m]) "5 [ H' (1., E[m]) 3 ,
vgY

the kernel of the product of the restriction maps to the inertia subgroups of all the places v not
in the finite set ¥. Another way of writing this kernel is H*(G gy, E[m]). So we have

E(F)/mE(F) < HY(Gpy, E[m]), k(P)=cp.

This is better: the group H'(G gy, E[m]) is finite (and hence E(F)/mE(F) is also finite). The
finiteness of H'(G gy, E[m]) can be seen as follows. Let L = F(E[m]) C Fy be the finite Galois
extension of F' obtained by adjoining the coordinates of points in E[m]. The inflation restriction
sequence gives a left-exact sequence

0 — HY(Gal(L/F), Eim]°*) — HY(Grx, Elm]) "S H'(Gal(Fx/L), E[m)).

The group H'(Gal(L/F), E[m]“*) is clearly finite (as both Gal(L/F) and E[m] are finite groups).
Since Gal(Fy/L) acts trivially on E[m], H*(Gal(Fx/L), E[m]) = Hom(Gal(Fs/L), Em]). Any
element of Hom(Gal(Fx /L), E[m]) factors through the Galois group over L of the maximal
abelian extension of L of exponent m that is unramified outside the finitely many places of L
dividing a place in ¥. This extension is finite, and hence so is Hom(Gal(Fx /L), E[m]). We have
sandwiched H'(Gryx, E[m]) between two finite groups.

By realizing E(F)/mE(F) as a subgroup of H'(G gy, E[m]) we reduced its finiteness to the os-
tensibly easier problem of the finiteness of certain extensions of number fields. This demonstrates
one utility of cohomology groups.
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2.1.2. The Selmer group for multiplication by m. The Selmer group for the multiplication by m
map on F refines the inclusion E(F)/mE(F) — H'(Ggyx, E[m]). It is essentially the smallest
subgroup of H!(F, E[m]) containing the image of E(F)/mE(F) that can be defined by more-or-
less obvious local constraints (‘local conditions’) on the cohomology classes.

The Kummer map P +% ¢p that we recalled earlier makes sense for E over any field and in
particular over the completion F, of F' at a place of F'.

For each place v of F' the inclusion of F in the completion F, induces a commutative diagram

E(F)/mE(F) —%— HY(F, E[m])

E(F,)/mE(F,) —— H(F,, E[m]),

where &, is just the Kummer map for E over F,. The Selmer group Sel,,(E/F) for the multi-
plication by m on F is

Sel,,(E/F) = {c € H'(F,E[m]) : res,(c) € im(k,) Yo} .
This clearly contains the image of k. Furthermore, by the argument explained above, if v does
not divide m and E has good reduction at v then im(k,,) C ker {Hl (F,, Elm]) "% H'(I,, E[m])}
In particular, Sel,,(E/F) C HY(Grx, E[m]).

The maps k and k, are part of short exact sequences
0 — E(F)/mE(F) % HY(F,E[m]) — H'(F,E)[m] — 0
and
0 — E(F,)/mE(F,) % H*(F,, E[m]) — H (F,,E)[m] — 0
that come from the long exact Galois cohomology sequences associated with the short exact
sequence 0 — E[m] — E 8 E — 0. In particular, we can rewrite the definition of Sel,,(E/F) as

Sel,, (E/F) = ker {Hl(F,E[m]) ey HHl(F,,,E)} .

And we see that the image of  is just ker {Sel,,(E/F) — H'(F,E)}. In particular, there is a
fundamental exact sequence

0 — E(F)/mE(F) % Sel,,(E/F) — II(E/F)[m] — 0,

where
II(E/F) = ker {Hl(F, E) S [[H' (F.. E)}
is the Tate-Shafarevich group of E over F.

If m | m/ then the inclusion E[m] C E[m’] induces a surjection H'(F, E[m]) - H(F, E[m'])[m)]
and so a surjection Sel,,(E/F) — Sel,,s(E/F)[m]. The kernel is just E[%}(F)/mE[m’](F) If
F'/F is a finite extension, then the restriction map H(F, E[m]) — H'(F’, E[m]) induces a
homomorphism Sel,,(E/F) — Sel,,(E/F’). Furthermore, if F'/F is a Galois extension, then
the action of Gal(F’/F) on H'(F’, E[m]) defines an action on Sel,,(E/F’), and the maximal
Gal(F'/F)-fixed subgroup contains the image of Sel,,(E/F).
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Remark 2.1.2.a. Suppose that m = p. It is expected that III(E/F)[p>] is finite, in which case
it is known that III(E/F)[p] has even dimension as a vector space over IF,,. It then follows from
the fundamental exact sequence that

dimy, Sel,(E/F) = dimp, E(F)/pE(F) mod 2.

In particular, if dimg, Sel,(E£/F) = 1, then is expected that dimg, E(F)/pE(F) = 1. If
dimp, E(F)/pE(F) =1 but E[p|(F) = 0, then rankz E(F) = 1. This suggests

(dimp, Sel,(E/F) = 1 and E[p](F) = 0) = rankzE(F) = 1.

2.1.3. Vista: Selmer groups of Abelian varieties and their isogenies. The group Sel,,(E/F) is a
special case of a definition that can be made for any non-zero isogeny

A% B
of abelian varieties over F'. The natural generalization of the Kummer map yields an injection
A(F)/¢(B(F)) < H(F, A[¢]), which leads to the definition of a Selmer group Sels(A/F) C
H'(GFx, Al¢]) (for ¥ containing all places that divide #A[¢] and at which A — and so also B

— has bad reduction). These Selmer groups play an equally important role in our understanding
of the arithmetic of the abelian varieties A and B.

Elliptic curves can have isogenies that are not just multiplication by an integer m. For example,
if E has an F-rational point P € E[m], then the quotient map £ — E’ = E/(P) is an isogeny.
And if F is an elliptic curve with complex multiplication by an order in an imaginary quadratic
field K contained in F', then F will have many F-rational endomorphisms that are not just mul-
tiplication by an integer. The Selmer groups for these endomorphisms have featured prominently
in most efforts to understand the arithmetic of elliptic curves with complex multiplication, such
as the Coates—Wiles theorem [13] or Rubin’s proof of the first known cases of elliptic curves with
a finite Tate-Shafarevich group [57].

2.1.4. The p*>-Selmer group. The p>-Selmer group of E is obtained by taking the direct limits
over n of the p-power Selmer groups Sel,» (E/F):

Selpe (E/F) = lim Selpn (E/F).

Since lim H(F,E[p"]) = H'(F, E[p>]) the p>-Selmer group can also be directly defined as

Sel (E/F) = ker {Hl(F,E[pOO]) < 11H 7, E)} .
The natural surjection H'(F, E[p"]) - H'(F, E[p>])[p"] induces a surjection Sel,»(E/F) —»
Selpes (E/F)[p™] with kernel E[p*>](F)/p™E[p>](F).

Taking the direct limit over the fundamental exact sequences for the multiplication by p™ maps
yields the fundamental exact sequence for the p*°-Selmer groups:

0 — E(F)®Q,/Zy — Sely~ (E/F) — II(E/F)[p™] — 0.

Remark 2.1.4.b. The group III(E/F)[p>] is expected to be finite, in which case it follows from
the fundamental exact sequence for Sel,~ (E/F') that

ranky F(F) < corankz,, Sel,o (E/F),
the Z,-corank of a discrete module S being the Z,-rank of its Pontryagin dual Homs(S, Q,/Zp).
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2.1.5. The p>-Selmer group in terms of E[p>] only. The p>-Selmer group of E can be de-
fined solely in terms of the p-divisible group E[p>]. We start by noting that if v t p, then
lim E(F,)/p"E(F,) = E(F,) ® Qp/Zy = 0. The key point here is that E(F,)/p"E(F,) has
order either 1 or 2 if v | oo and if v 1 co then E(F,) contains a pro-f-subgroup of finite in-
dex, where £ is the residue characteristic of v. It follows that the local condition at v defining
a class in Selye (E/F) is just that its restriction to H'(F,, E[p™]) is 0. If in addition v is a
prime of good reduction, then the kernel of the restriction map H!(F,, E[p>=]) — H(I,, E[p™])
is HY(Gp,/1,, E[p>]) = E[p>]/(Frob, —1)E[p>] = 0 (since E[p>] is divisible and 1 is not an
eigenvalue for the action of Frob, on the p-adic Tate module of the elliptic curve E/k,). So for
such v, vanishing in H*(F,, E[p®°]) is equivalent to vanishing in H'(I,, E[p®°]), that is, the local
condition at v defining a class in Sel, (E/F’) can also be expressed as the class being unramified
at v. Already, this means

Sely~ (E/F) =ker { H'(F,E[p™]) S [[ H" (P, Ep™]) x [[ H'(F.. E)

vip vlp

=ker{ H'(Gpw, EPp™) ™ [[ H'(Fo, Ep™)) x [[ H' (Fo, E[p™])/im(r,)

vEX,vtp v|p

The situation for v | p is more complicated. We want to express im(x,) in terms of E[p*] only
(without reference to the full curve E). Let T'= T,E = lim E[p"] be the p-adic Tate-module
of E (really just of the p-divisible group E [ >°]). Note that there is a canonical isomorphism
T,E ®7 Qp/Zy, = E[p*™] (given by (F,) ® o = Po).

Suppose first that £ has good ordinary or multiplicative reduction at v. Then T has a G, -
filtration 0 C T,) C T with T} a rank-one Z,-summand such that 7'/T." is unramified with
Frob,, acting as multiplication by the unit root a, of 2% — a,(E)z + p (if F has good reduction
at v) or by a,(E) (if E has multiplicative reduction at v). Then

im(ky) = im {H'(F,,, T,f ® Qp/Z,) — H"(F,, E[p™))} .,
= ker {H'(F,, E[p™]) = H'(F,, T/T; ®z, Qp/Zp)} ;. »

where the subscript ‘div’ denotes the maximal divisible subgroup. In the case of good reduction,
the divisible subgroup is the whole group unless a,(E) = 1 mod p (the index of the divisible
subgroup is #Z,/(a, — 1)Z,). In the case of split multiplicative reduction, the divisible sub-
group is everything. In the case of non-split multiplicative reduction, the divisible subgroup is
everything if p > 2, and if p = 2 then the index of the divisible subgroup is either 1 or 2 (and
equals the 2-part of the Tamagawa factor for E/F,). All this follows from analyzing E[p>°] and
its cohomology using the formal group when E has good reduction at v and using the Tate
parameterization in the cases of multiplicative reduction.

More generally, Bloch and Kato [5, Ex. 3.11] described the image of k,, v | p, in a manner
that also covers the cases of supersingular and additive reduction. Let V =T ® Q,. This is a
two-dimensional Q,-representation of Gp. Note that V/T =T ®z, Q,/Z, = E[p>]. Letting

H}(F,,V) =ker {H'(F,,V) = H'(F,,V ®q, Beris)}

they show that
im(k,) = im {H}(F,,V) — H'(F,, E[p>])} .
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It is a good exercise of one’s understanding of basic p-adic Hodge theory to deduce the description
of im(k,) given above in the cases of ordinary and multiplicative reduction from that of Bloch
and Kato.

Remark 2.1.5.c. The question of whether the Selmer group Sel,»(E/F) is determined by the
Galois module E[p™] has been studied by Cesnavi¢ius |11]; a positive answer is given in terms of
flat cohomology under mild conditions on p.

2.1.6. Selmer groups and The Birch—Swinnerton-Dyer Conjecture. As already noted, the Selmer
groups Sel,, (E/F') and Sel, (E/F) encapsulate information about the Mordell-Weil group E(F')
and the Tate-Shafarevich group III(E/F). Information about both these groups should also be
encoded in the L-function L(E/F, s) of E, as explained in the Birch-Swinnerton-Dyer Conjecture.

Combining this we can extract some expected connections between L(E/F, s) and Selmer groups
of F.

The Birch and Swinnerton-Dyer Conjecture, as stated by Tate [68]:

Conjecture 1 (Birch and Swinnerton-Dyer Conjecture). Let F' be a number field and let E/F
be an elliptic curve.

(a) The Hasse—Weil L-function L(E/F,s) has analytic continuation to the entire complex

plane and
(BSD) ords—1 L(E/F,s) = rky E(F).
(b) The Tate-Shafarevich group III(E/F) has finite order, and
(BSD-1) L)(E/F,1) _ #HE/F) [ cv(E/F),
rl-Qp)p - Reg(E/F) - |Ap|~1/2 (FE(F)tors)?

where r = ord,—1 L(E/F, s), c,(E/F) = [E(F,) : E°(F,)] is the Tamagawa number at v
for a finite place v of F, Reg(E/F) is the regulator of the Néron-Tate height pairing on
E(F), A is the discriminant of F, and Qg/p € C* is the period defined by

() Qp/r = Npjglay) - H /E(F)w|~ H <2~/E(F)wmu>.

v|oo v|oo
v-real v-complex

Here w € QY(E/OF) is any non-zero differential on the Néron model E of E over Op,
and a, C F is the fractional ideal such that a, -w = QY (E/OF). Also, for a finite place
v, EY(F,) C E(F,) denotes the subgroup of local points that specialize to the identity
component of the Néron model of E at the place v.

When F' = Q we will write Qg for Qp/q.

As already noted, the finiteness of III(E/F) (or even of just the p-primary part HI(E/F)[p>])
implies that the Z,-corank of Sel,(E/F') equals the rank of E(F). So one expects

(BSD-crk) ord,_1 L(E/F, s) = coranky, Sel,~(E/F).
This suggests that one might first ask:
(Sel-van) L(E/F,1) =0 <= #Sel,~(E/F) = co.
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It also suggests the question:
1—w(E/F) 7
# < corankz, Selye (E/F) mod 2.

Here w(E/F) € {£1} is the root number of E/F (the sign of the expected functional equation of
L(E/F)). If LM8(E/F,1) = L(E/F, 1)/QE/F|AF|’1/2 is a rational number, then a refined form
of (Sel-vanl), incorporating the BSD formula (BSD-f) when r = 0, is

o |#Selpee (E/F) - [ 1o co(E/F
(BSDp-0) |8 (E/F,1)], = # ((;EEF)EIML)Q )

Here we understand the right-hand side to equal 0 if #Sel,~ (E/F') = co. As explained below,
some progress has been made on all these problems (and a few others) for an elliptic curve E/Q.

(Sel-par) ords—1 L(E/F,s) =

2.2. Bloch—Kato Selmer groups. Bloch and Kato [5] actually defined Selmer groups in a very
general setting, starting with a p-adic Galois representation of Gp.

In keeping with our arithmetic conventions for class field theory, we also adopt arithmetic
conventions for p-adic Hodge—Tate weights. In particular, the p-adic cyclotomic character has
Hodge-Tate weight 1.

2.2.1. The definition. Let L be a finite extension of Q, with ring of integers O. Let V' be a finite-
dimensional L-space equipped with a continuous L-linear action of Gr. We assume that V is a
geometric representation of Gp. This means that the action of Gg on V is unramified away from
a finite set of places and that for each place v | p the representation of G, on V is potentially
semistable (equivalently, de Rham). Let T C V be a Gp-stable O-lattice (so in particular,
V =T ® L). Such a lattice always exists by a simple compactness argument. Let W = V/T.
Bloch and Kato defined subgroups (Selmer groups) H;(F,V) C H'(F,V), H{(F,T) C H'(F,T),
and H{(F,W) C H'(F,W) as follows.

First they defined local subgroups for a place v of F:

HY(Gal(F*™/F,), V) = ker {Hl(FU, V) — Hl(I,U,V)} vip
ker {HI(FU,V) — H'(F,,V ®q, Bcris)} v | p.

The exact sequence 0 - T — V — W — 0 yields an exact sequence

H}(FU,V) = {

H\(F,,T) % H'(F,,V) % H'(F,,W),
and H((F,,T) and H}(F,, W) are defined to be
Hp(F,,T) =i (Hp(F,,V)) and Hp(F,, W) = j(H{(F,,V)).
Note that H}(F,, W) is L-divisible, being the image of the L-space H}(F,, V).

The Bloch—Kato Selmer groups are then defined by
H}(F,?) = ker {Hl(F,?) S IIHE (F,?)/HH(F,, ?)} , ?7=T,V, or W.

The Bloch—Kato analog of the Tate-Shafarevich group is
the quotient of H} (F, W) by its maximal divisible subgroup.
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2.2.2. Examples. We describe some examples, a few of which figure in subsequent results:

Ezample 2.2.2.a (Elliptic curves: V = V,E). Then T = T,E is a Gp-stable Z,-lattice and W =
E[p>]. If v { p then it is relatively easy to see that H}(F,,V) = 0. Then H}(F,, W) = 0, which
agrees with im(k,). As already noted above, Bloch and Kato proved that H!(F,, W) = im(k,)
even when v | p. It follows that H}(F, W) = Sel,e< (E/F). The group I ;(E[p*>]/F) is then the
quotient of the p-primary part III(E/F)[p®] of the usual Tate—Shafarevich group by its maximal
divisible subgroup. In particular, HI;(E[p>]/F') equals HI(E/F)[p*] if and only if the latter is
finite.

Ezample 2.2.2.b (Algebraic Hecke characters). Let ¢ : F*\AY — C* be an algebraic Hecke

character. This means that there exists an algebraic character p : F* — @X such that the
restriction of ¢ to the identity component (F ® R);" C (F ® R)* is given by p. Concretely, this
is so if and only if there exist [F' : Q] integers (n,),, indexed by the embeddings 7 : F — C,
such that for o = >, 2, ® r; € (FQR);, ¥(a) = [, (32, 7(z;)r;)" . The character Ay — C*,
o plass) " Mb(av) takes values in @ (and even in a finite extension of Q). The p-adic Galois
character associated with v is just

i Gr T (o) = play)plose) (@) for o = recy(w).
Note that if ¢ = |NF/Q(~)|@1, then oy = €, the p-adic cyclotomic character.

Serre proved that ¢ — oy is a bijection between algebraic Hecke characters of F' and p-adic

characters y : Gp — @: that are unramified outside a finite set of places and Hodge—Tate at
each v | p.

The Hodge-Tate weights of py, can be read off from the algebraic representation p. The simplest
case is when p splits completely in F'. Then the places of v are indexed by the embeddings 7. In
particular, if v is the place determined by the embedding F <» Q < Q,, then the Hodge Tate
weight of oylg,, is —n,. Let n, = n,. Let L C Q be a finite extension of Qp containing the
values of py. It follows that in this case

Hl(Fv’L(Pw)) n, < —1
0 n, > 0.

HJI"(FML(pw)) = {
In particular, for W = L/O(py) with each n, either > 0 or < —1,

res F W (F W)
HYE W) = k F H(F, W) H(F, =
f( 7W) er ( W _> HHI( W) H U)W) H HI(FMW)dIV

vip v|p,ny, >0 v|p,n,<—1

Ezample 2.2.2.c (Twists of V,E by characters). Suppose x : Gp — @; is a continuous character
that is unramified away from finitely many places and Hodge-Tate at all places v | p. Let
L = Qp[x] be the finite extension of Q, obtained by adjoining the values of x. Then x takes
values in O*. Let V = V,E ®q, L(x) and T'= T, ®z, O(x) (so if p denotes the action of Gp
on T,E, then G acts on T as p® x). We then let

Sel(E/F,x) = Hy(F,W).

It will be useful to have a description of H!(F,,V), v | p, in some cases. Suppose first that
all the Hodge-Tate weights of x|g,, are zero (equivalently, the restriction x|;, has finite order).
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Suppose also that E has good ordinary or multiplicative reduction at v. Then
H}(F,,V)=ker {H'(F,,V) = H'(L,,V/V,))},

where V" is (V,E) ®q, L(x)- It follows that H(F,, W) is just the maximal divisible subgroup
of ker { H'(F,, W) — H(I,, W/W)}, where W,;m = T} @ Q,/Z,.

If all the Hodge-Tate weights of x|g., are > 1, then all the Hodge-Tate weights of V' at v are
> 1 and so H}(Fv, V)= H'(F,,V). But if all the Hodge-Tate weights of x|¢, are < —1, then
all the Hodge—Tate weights of V' at v are < 0 and so H} (Fy,V) = 0. Suppose then that for each
v | p the Hodge-Tate weights of x|q,, are either all > 1 or all < —1, and let S]Di denote the set
of v | p such that the Hodge—Tate weight of x at v has sign . Then

HY(F,, W) _HY(F, W)
1 _ TCS v vy
H{(F,W) =ker{ H'(F,W) HH1 o) < [ B Fw)x [] Hl FU,W)dw
vip vES, vESY
In particular, the reduction type of E at v does not really intervene in the description of the
Bloch—Kato Selmer groups in this case.

Ezample 2.2.2.d (Eigenforms). Let f € Si(N, x) be a newform of weight k, level N, and character
x. Let f = Y7°  an,q" be the g-expansion of f at the cusp at infinity. The coefficients a,
(equivalently, the eigenvalues of the action of the usual Hecke operators on f) are algebraic
integers and generate a (possibly non-maximal) order in the ring of integers of the finite extension
Q(f) c C obtained by adjoining the a,’s. Let L C @p be a finite extension of @, containing the
image of Q(f). Let O C L be the ring of integers of L.

Associated with f and L (and the embedding Q(f) < L) is a two-dimensional L-space Vj
and an absolutely irreducible continuous Gg-representation py : Gg — Autr (V) such that py is
unramified at all primes £ { Np and det(1 — X - py(frob,)) = 1 — ay X + x(£)¢*~*X? for such .
In particular, trace py(frobg) = ae(f) if £1pN, and det py = xe*~1.

Suppose k > 2 and a, € O*. Let oy, € QX be the unit root of 22 — apz + x(p)p*~ 1 if pt N
and otherwise let a;, = a,. Then V has a Gg, -filtration V' C V, with dim; V* =1 and G,
acting on V via the character ¢*~'a~!, where a: Gg, — O* is unramified and a(frob,) = a,.

Let V— = V/V*. In this case
H(Qp, V) =ker {H(Q,,V) - H(Q,,V7)}.
Letting T C V be any Gg-stable O-lattice and W = V/T, we let Tt =T NV*, T- =T/TT,
W+ =T ®z, Qy/Z, and W~ = W/W*. Then
HH(Qp, W) =ker {H'(Qp, W) = H'(Qp, W)} . = im {H(Q,, WF) = H'(Q,, W)} ..

Ezample 2.2.2.e (Twists of Eigenforms). Let V' be the Galois representation associated to some
newform of weight k, and let x : Ggp — L* be a character as in Example Everything in
that example carries over to the Gp-representations V(x) with the only change being that we
now require the Hodge—Tate weights to be either > 1 or < 1 — k in the latter part.

2.2.3. Vista: The Bloch—-Kato conjectures for L-functions and Selmer groups. In addition to
defining Selmer groups very generally, Bloch and Kato 5] also formulated conjectures generalizing
(BSD-crk|) and (BSDp-0) (see also [18]).
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2.3. Selmer structures. Mazur and Rubin [48, Ch. 2] introduced a general setup for Selmer
groups.

2.3.1. The structures. Let O be the ring of integers of a finite extension L/Q,. Let M be
a topological O-module equipped with a continuous O-linear action of G that is unramified
outside a finite set of places.

A Selmer structure for M is a collection of O-submodules
L= (Lo)y, LoC H(Fy,M),
indexed by the places v of M. To be a Selmer structure this collection must satisfy
L, =H\(F,,M)=ker {H"(F,,M) = H'(I,,M)} for almost all v.
The asssociated Selmer group is then defined to be
Hp(F,M)={ce H'(F,M) : res,(c) € L, Yv}.

If ¥ is any finite set of places containing all those at which M is ramified or for which £, #
H} (F,, M), then

HE(F, M) = ker {Hl(GF,& M) [ 5 (F.. M)/Ev} .
vEX

Let M* = Homes(M,Q,/Z,(1)) = Homes(M, ppe) be the arithmetic dual of M, equipped
with the natural O-module structure (so (a - f)(m) = f(am) for a € O, f € MY, and m € M).
Suppose M is either a direct or projective limit of finite-order Gp-stable O-modules. The same
is then true of M* (the dual of a direct limit is an inverse limit, etc.). In this case, local Tate
duality provides us with a perfect pairing

(,)o s H(Fy, M) x H*(F,, M*) = Q,/Z,, i=0,1,2.

This is just the cup-product combined with the canonical pairing M ® M* — p,~ and the
identification H2(F,, ppe) = Q,/Z,. Furthermore, if v { poo, then H} (F,, M) and H} (F,, M*)
are mutual annihilators under (-,-),. It follows that if £ = (£,) is a Selmer structure for M,
then

L' = (L), L the annihilator of £, under (-, )y,

is a Selmer structure for M™.

2.3.2. Examples. The Selmer groups we have considered so far are all defined by Selmer struc-
tures.

Ezample 2.3.2.a (Selyn (E/F)). Take O = Z,, M = E[p"], and
L, =im(E(F,)/p"E(F,) % H'(F,, E[p"]).

As noted before, if v { p is a prime of good reduction, then im(x,) = H}.(F,, E[p"]), so (L), is
a Selmer structure for E[p™].

The Weil pairing (-, -)wei : E[p"] x E[p"] — ppn identifies M* with E[p"]. Furthermore, for
each place v, im(k,) is its own annihilator under (-,-),, and so £* = L.
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Ezample 2.3.2.b (H(F,T) and H;(F,W)). The Bloch-Kato Selmer groups H}(F,?),? =T, W,
are just the Selmer groups for the Selmer structures
Ly=(H(F,7)).

To see that Ly is a Selmer structure, it suffices to note that if V' is unramified at some v { p, then
H}(F,,?) = H(F,,?). For 7 =T this is so since H'(F,, T)tor is the image of W&r = W&r /1o
and so belongs to H! (F,,T). And for ? = W, H! (F,,W) = HY(GF,/I,,W) is the image of
HL.(F,,V) = HYGF,/I,,V) as H*(GF,/I,,T) = 0, the pro-cyclic group G, /I, = Z having
cohomological dimension 1.

2.3.3. An important exact sequence. We impose a partial ordering on the Selmer structures on
M, writing £1 < Lo if £, C L, for all v. In this case H}:I(F, M) C Hé2 (F, M). Note that we
also have £3 < L7.

Let £1 < L5 be Selmer structures for M and let S be the finite set of places where L1, # Lo 4.
Then global duality implies that there is an exact sequence [48, Thm. 2.3.4]:

res ﬁ v res” *
(SES) 0— Hf, (F,M)— Hp, (F,M) ™[] % S Hp(F,M*)Y — Hp, (F,M")¥ = 0.
vES 1

The map res" is the dual of

, HY(F,,M)\"
Hp (F,M*)™= .= —
L ( ) ) - H ‘Cv H £v )
veES veS
where the final identification comes via Tate local duality.

2.3.4. An important formula. Suppose that M has finite order. Let £ be a Selmer structure
for M. Then by combining the exact sequence (SES|) with global duality and the global Euler
characteristic yields (cf. [15, Thm. 2.19] and [48, Prop. 2.3.5]):

#HE(F, M)  #HO(F, M)

4L,
(5F) FHL(FAL) ~ #H0(F ) L % (5, 1)

3. IWASAWA MODULES FOR ELLIPTIC CURVES

For simplicity we assume from hereon that
(odd) p>2.

Among other things this ensures the triviality of all the H!-cohomology groups for all archimedean
local fields that appear herein.

3.1. The extension F/F. Let F/F be a Zg-extension of F, d > 1. This is an (infinite)
pro-finite abelian extension of F such that I' = Gal(Fs, /F) (which is a Z-module) is isomorphic
to Zg. Let
A =Z,[17,

be the completed group ring of I' over Z,. If v1,...,74 € I' are topological generators, then the
map A = Z,[T1, ..., Ta], 1 — 1 + T}, identifies A with the power series ring in d variables over
Zy. In particular, A is a d + 1-dimensional regular complete local ring. The maximal ideal of A
ism=(p,71—1,...,7¢ — 1). If d =1, then we will just write « for a topological generator of T
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The examples of most interest to us will be:

3.1.1. F = Q. In this case there is exactly one possibility for F.,, namely the cyclotomic Z,-
extension, which we will denote by Q. This is defined as follows.

For each n > 1 let (,n be a primitive p"th root of unity. The field Q((yn+1) is a Galois
extension of Q with Galois group G,, = Gal(Q((,n+1)/Q) canonically isomorphic to (Z/p"**Z)*,
the isomorphism being o — a mod p"*! for o((pm+1) = Cpn+1- The groups Gn decompose
compatibly as G, = A xI';, with A cyclic of order p—1 and I';, cyclic of order p™. The subgroup
A projects isomorphically onto Gal(Q((,)/Q) = (Z/pZ)*. Put Q({pe) = USZQ(Cpn+1). Then
there is a canonical isomorphism of profinite groups:

G = Cal(Q(()/Q) = Im G,y 5 lim (Z/p"H'2)* = 7.

The Galois group G then decomposes as G = A x I' with I' = lgln I',. The group I' is a
cyclic pro-p-group and identified with 1 + pZ, C Z, while A is just the subgroup p,—1 C Z)'.
The cyclotomic Zp-extension is just Qs = Q(upoo)A. The group I' projects isomorphically
onto I'gp = Gal(Qeo/Q), which indentifies these two groups. Note that a convenient topological
generator of I' (and hence of I'g) is the element ~y identified with 1 +p € 1 + pZ, (since p > 2,
1+ pZ, = (1 + p)Z»).

3.1.2. F = K, an imaginary quadratic extension of Q. In this case there are three extensions of
interest to us. The first of these is the unique Zg—extension K /K; this is maximal among the
Zg—extensions of K (for all d). The other two are the cyclotomic Z,-extension KY°/K and the
anticyclotomic Z,-extension KZ$.

The Galois group Gal(K/Q) acts on I'x = Gal(K/K) by conjugation. In particular, I'g

decomposes under the action of the non-trivial automorphism ¢ € Gal(K/Q) as T'x = '} x T'x
- +
with ¢ acting on T% as ¢ 'gc = g*'. Then K¢ = K5X and K¢ = KLX. Tn particular, the
canonical projections Gal(K.,/K) — Gal(K’ /K) induce isomporphisms
Ik 5T =Gal(KZ/K) and Ty = TI'¥ = Gal(KX/K).

Of course, the cyclotomic Z,-extension is just K¢ = K - Q, and the canonical projection
'Y = Gal(KZ°/K) = T'g = Gal(Quo/Q) is an isomorphism.

3.1.3. Back to the general case. In general, the extension Fi,/F is unramified at each place v {p
of F', and the finiteness of the class group of F' implies that it must be ramified at at least one
place v | p. For simplicity we will assume that

(p-ram) F is ramified at each place v | p.

This is true of each of our examples of interest. However, there are many Z,-extensions of
arithmetic interest for which this hypothesis does not hold. Another nice property that an
extension Fo,/F can have is

(fs) there are only finitely many places of Fi, over each finite place of F'.

This can only hold for Z,-extensions (that is, for d = 1), and even then it does not always hold.
Property holds for the cyclotomic Z,-extensions Q. and K°. It does not hold for the
anticyclotomic extension K3$: while each prime that splits in K has only finitely many places
over it in K3¢, every prime that is inert in K splits completely in KZ3S.
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3.2. Selmer groups over F,,. Perhaps the most natural way to define a Selmer group over Fi,
is
S(E/Fsx) = lim Selye (E/F"),
FCF'CFo
where F’ runs over the finite extensions of F' in F,. This realizes S(E/F,) as a subgroup of
HY(F, E[p>]). However, for our purposes it is convenient to take a slightly different point of
view. Following Greenberg, instead of varying the fields F”, we enlarge the Galois module E[p>].

As before let T = T,F = m E[p™] be the p-adic Tate-module of E. Then T is a free Z,-
module of rank two Wlth a continuous Zjy-linear action of Gr. We denote this action by p. Let
AY = Homgs(A, Q,/Zy,) be the Pontryagm dual of A with the A-action given by (z - f)(y) =

fzy) = f(yx). Let
U:Gp —» Gal(Fy/F) =T C A*
be the canonical projection. Put
M=T®A\"
and let G act via p® W~1. Note that the canonical isomorphism T’ ®z, Qp/Zy = E[p*] induces

an isomorphism M % Homss(A, E[p™]), and this is a G p-equivariant isomorphism if we let G
act on A via W. The module M can be viewed as built out of the W arising from twist of T, E as
in Example If x : Ggp - I' = O* is a character, O-being the ring of integers of a finite
extension L of Q,, then

(M ®z, O)ly — x(7)] = T,E ®z, (A ®z, O)[y — x(7)] = T, ®z, L/O(x ).

3.2.1. S(E/F). Let ¥ be a finite set of places of F' containing all those divide p or at which F
has bad reduction. We will define S(E/Fy) as a subgroup of H!(Gpx, M). To do this we make
the following additional simplifying hypothesis:

(sst) E has either good ordinary, multiplicative, or supersingular reduction at each v | p

(that is, E has semistable reduction at each v | p). Let S be the set of v | p at which E has
good ordinary or multiplicative reduction. Then assuming and (sstf) we have

S(E/Fx) =ker{ H'(Gps,M)™ [] H'(F,,M)x [[ H'(L,T/T} ®z, A)

vEX,vip vesgrd

Note that no condition is imposed at places v | p at which F has supersingular reduction. If
also holds, then we can replace the product Hvez’v@ HY(F,, M) with Hvez,ufp HY(I,,M). It can
be shown that this definition of S(F/Fy) is identified with the natural definition proposed above
via the map H(F, M) — H'(F.,, E[p™]) given by restriction to Gr_ followed by evaluation at
lel.

Along the way toward the Main Conjectures and their applications we will need some variations
on S(E/Fy).
3.2.2. Sar(E/Ko). Let K C Q be an imaginary quadratic field. We assume that
(split) p splits in K: p = vv,

where v corresponds to the valuation determined by K ¢ Q — @p.
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Letting Foo = Ko, we write M for the G-module M defined above. Let ¥ be a finite set of
places of K containing all those that dividing p or at which E has bad reduction. We put

Sar(B/Koo) =ker { H' (G, M)™ [ H'(1w, M) x H' (Ky, M)

wEX, wip

This Selmer group is supposed to capture the Selmer groups of the twists of T}, ¥ by characters
whose Hodge—Tate weight at v is > 1 and at v is < —1.

3.2.3. Sppp(E/K3S). This is essentially a variation on Sg.(E/Ks). Taking Fo = K29, the
anticyclomtomic Z,-extension of K, we let M, be the corresponding G'x-module M. We put

Sppp(E/KX) =ker { H (Grx, Mae) ™5 [[ H'(Kuw, Mac) x H' (K3, M)
wEX, wip

Note that for an inert prime ¢ € X, since does not hold, we cannot always replace H'! (Kq, Mac)
with H(I,, M,.).

3.2.4. 54 (F/Qs). Suppose E/Q has supersingular reduction at p. Then the definition of S(E/Qx)
has no restriction on the classes at p. This results in a A-module that is too big to be useful. If
ap(E) = 0 (which will always be the case if p > 5), then Kobayashi [38] defined two subgroups
S1(F/Qx) C S(F/Qu) which, building on work of Kato [34], can be shown to be co-torsion in
the sense described in below.

Let @, C Q« be the finite extension of Q with I';, = Gal(Q,/Q) = Z,/p"Z, (the last iso-
morphism depends on the choice of v; the identification with 1 + pZ,/1 + p"*1Z, is canonical).
The extension Q,,/Q is totally ramified at p and we denote by Q,,, the completion of Q,, at the
unique prime above p. Then Q,, ,/Q, has Galois group I',,. Let

1 —1
Ei((@n,p) = {P € EQnp) : Trg, ,/0msr, P € E(Qmp)V0 <m <n,m = % mod 2} .

Then we let
Seliw(E/Qn) = {c€8ely=(E/Qy) : resy(c) € Kp(E*(Qup) ® Qp/Zy)}

where res, denotes restriction at the unique prime above p and r, is the Kummer map at this
prime. The Selmer groups Kobayashi defined are

S4(B/Qoc) = lim el (B/Qy).

Shapiro’s lemma gives an identification
H' (Qp,nv E[p™]) = Hl(an HomZp (Zp [Tl E[p™])),
where the Gg, action on Z,[T,] is g - > nyy =Y nyyg~t. Let
Hi (Qp, M) = h£r1 Kp(Ei (Qnp) @Qp/Zy) C hﬂ H' (Qp, Homyg, (Zp[Ty], E[p™])) = Hl(Qm M).

Then H}(Q,, M) is a A-submodule of H'(Q,, M). We can rewrite the definition of Sy (E/Qu)
as

S5+(E/Qwx) = {c€ S(E/Qux) : resy(c) € HL(Qp, M)} .
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3.2.5. Vista: Iwasawa cohomology and Coleman maps. The cohomology group

3y (T) = lim H"(Qp.0, ),

where the inverse limit is taken with respect to the corestriction maps, is often called the Iwasawa
cohomology of T. The group H{, (T') can be identified with H'(Q,,T ®z, A), where the Gg,-
action on T ® A is just p @ U. One can define a local subgroup £, C H'(Q,, M) — to be part
of a Selmer structure for M, say — by first defining a subgroup L, C H{, (T) and taking £,
to be the annihilator of L, under the pairing of local Tate duality. In many cases of interest,
the group L, is the kernel of a A-homomorphism H{, (T) — A (or something similar) which is
often called a Coleman map. This is true, for example, of the local conditions at p defining the
Selmer groups S(E/Qs), when E has ordinary reduction at p, and S4(F/Q), when E has
supersingular reduction at p. For the latter see [38], and for a more general discussion see [40].

3.3. S?(E/Fy) as a A-module. The group H = H'(Gry, M) has a natural structure as a
discrete A-module. So its Pontryagin dual X = Homs(H, Q,/Z,) is a compact A-module, with
the A-action being (X - f)(z) = f(Az). Similarly, the submodule S(E/Q.) C H is a discrete
A-module and its Pontryagin dual

X7(E/Fx) = Hom(S2(E/Fx),Q,/Zy,), ?=0,Gr,BDP, or +,
which is a quotient of X, is a compact A-module. (Of course, by 7 = () we mean no subscript.)

Proposition 2. X is a finitely-generated A-module.

Proof. We will prove this by induction on the Z,-rank d of I' = Zg.

Suppose first that d = 0. Then H = H'(Gpyx, E[p>]) and we want to show that X =
Homis(H,Q,/Z,) is a finitely-generated Z,-module. By the compactness of X and Nakayama’s
lemma, it suffices to show that X/pX is a finite. And by duality the latter is equivalent to
the finiteness of H[p]. From the short exact sequence 0 — E[p] — E[p>] & E[p®] — 0 we
obtain a surjection H*(Gpyx, E[p]) - H(Gps, E[p®])[p] = H[p]. We have already observed
that H'(Grx, E[p]) is finite, hence H[p] is finite.

For the induction step, let v belong to a topological generating set of I'. Then IV = T'/{y) =
2471, and A/(y—1)A = Z,[I"] = A'. Note that M[y—1] = T ®z, Homeys(A/(y—1)A, Q,/Zy) =
T ®z, Homts(A',Qp/Zy) = M'. From the short exact sequence 0 — M’ — M SN M S 0 we
obtain a surjection H(Gpx, M') — HY (G x, M)[y — 1], and so by duality an injection X/(y —
)X < Homgs(HY(Grx,M'),Q,/Z,) = X'. By the induction hypothesis, X’ is a finitely-
generated A’-module, hence X/(y—1)X is a finitely-generated A’-module (by the Noetherian-ness
of A). That X is a finitely-generated A-module follows from Nakayama’s lemma as before. [

Corollary 3. LetS C HY(Gpx, M) be a A-submodule. Its Pontryagin dual X = Homs(S, Q,/Z,)
is a finitely-generated A-module. In particular, X+(E/Fw) is a finitely-generated A-module.

There is a structure theorem for finitely-generated A-modules that is reminiscent of finitely-
generated modules over a PID. Such a A-module X admits a A-homomorphism

X —>A’”69HA/(fi), fi #0,
=1
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with pseudonull kernel and cokernel. Pseudonull means that the localizations at all height one
primes of A are zero; if d = 1, then finitely-generated and pseudonull is equivalent to finite order.
The integer r is uniquely determined and is called the A-rank of X; we will denote it by r(X).
The ideal £(X) = (f1--- fs) C A is also uniquely determined. The characteristic ideal £(X) C A
of the A-module X is 0 if > 0 and is the ideal (fy--- fs) if r = 0.

One useful result, which points to the utility of this structure theorem is:

Lemma 4. Suppose d =1 (so A = Z,[T]). Let X be a finitely-generated, torsion A-module with
no non-zero pseudonull submodule. Let 0 #= X\ € A. Then

H#X/AX = #A/(£(X), A).
In particular, if f € £&(X) is a generator, then

#X/(y = 1)X = #Zp/ f(0).

These equalities should be understood to mean that if one side is infinite then so is the other.

The proof of this lemma essentially amounts to multiplying the exact sequence

O—>X—>HA/(fZ-) — coker — 0

i=1

by A and appealing to the snake lemma and noting that coker has finite order and so #coker[\] =
#coker/Acoker.

Some natural questions to ask about X = X (E/Fy):

e What is 7(X)? Is it ever 07 positive?
e What is £(X)?
e Does X have a non-zero pseudonull A-submodule?

The Iwasawa theory of elliptic curves is partly focused on answering these questions. The arith-
metic significance of the answers will become more clear as we go on.

3.3.1. Vista: Selmer groups of p-adic deformations. The Iwasawa modules S7(F/F,) that we
have defined are some of the simplest examples of Selmer groups for p-adic deformations. In this
case the deformation is T, E ®z, A (with G acting as p®@ ¥~'), which deforms the twist of 7, E
by the trivial character by the universal G g-character that factors through I'. Other possible
deformations could include deforming 7}, E. Here we use ‘deformation’ in the sense of Greenberg
[22]; the reader should consult op. cit. for more on Selmer groups in this context.

3.3.2. Horizon: Selmer complexes. Nekovaf [51] developed a formalism for Iwasawa theory based
on ‘big Galois representations’ (such as T ® Z,A) and their cohomological invariants, working
within the framework of derived categories. This both recovers and extends many of the results
about Selmer groups, leading to generalized Cassels—Tate pairings and generalized p-adic height
pairings, among many others. The epigraph following the introduction: ‘Selmer groups are dead.
Long live Selmer complexes.’



LECTURES ON THE IWASAWA THEORY OF ELLIPTIC CURVES 19

3.4. Control theorems. It is natural to ask whether the group Sel,(E/F) can be recovered
from S(E/F). Certainly, there is a canonical map Sely (E/F) — S(E/F5) with image in the
[-invariants S(E/Fy)t = S(E/Fso)[y1 —1,- -+ ,74 — 1]. How are these two groups related? The
answer to this is a case of what is often called a ‘control theorem.’

Instead of proving the most general theorems, we concentrate on some important cases. To
make our task easier, we will always assume

(irredp) E[p] is an irreducible G p-representation.
Under this assumption it is not hard to deduce that if z1,...,z; € A, then the natural map
I?[1 (Gz, M[:L’h ceey l'j]) :> Hl(G27 M)[xl, ceey .’Ej]

is an isomorphism. And using that F,/F is unramified at each v { p one can also deduce that if
Z1,...,2; is a regular sequence, then

Hl(Iv,M[xl, s @4]) 5 Hl(Iv,M)[xl, szl vip.

3.4.1. S(F/Qu): ordinary case. Suppose that F/Q has good ordinary or multiplicative reduc-
tion at p. Let M~ =T/T" ®z, AV, and let

Pe=[[Pe. Pe=

lex

Then S(E/Qu) = ker { H' (G, M) ™5 Py }. Let

HY (I, )% L #p
HY(I,,M™)%» (=p.

HY(Qq, E[p™)) t#p
Py = H Py, P = H'(Qp, E[p™]) (=
e im{Hl(QP7T+®Zpr/ZP)_>H1(QP’E[px])}div p

Then there is an exact sequence

0 — Sel, (E/Q) — S(E/Quo)y — 1] — im {Hl(GZ,E[pw]) e PZ} Aker {Ps — Psly — 1]} .

Tes

If X(E/Q) is a torsion A-module, then using global Tate duality one can show that H!(Gs, M) =
Py is surjective, hence S(E/Qx)[y — 1] = ker {Hl(Gz, E[p™=]) = Psy — 1]} It follows that
the displayed sequence is exact on the right. And if Sel,~ (E/Q) is finite, then one can similarly
show that H'(Gx, E[p>™]) "% Py is surjective. This yields:

Proposition 5 (Control Theorem for the ordinary case). Suppose E/Q has good ordinary or
multiplicative reduction at p and that (irredg) holds. Suppose also that X (E/Qu) is a torsion
A-module and that Sel,~ (E/Q) is finite. Then there is an exact sequence

0 — Selye (E/Q) — S(E/Qoo)[y — 1] = ker {Pg — Px[y—1]} — 0.
To be precise, the arguments above actually show that if Sel,e (E/Q) is finite, then X (F/Qx)
is a torsion A-module.
Let K; = ker {P; — P;}. Then as a consequence of Proposition

Corollary 6. Under the assumptions of the preceding proposition,

#S(E/Qu)ly - 1] = #Sel, (E/Q) - [] #EKu.

lex
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The orders of the groups K, are readily computed. Suppose first that £ { p. Then from the
earlier observation that H'(I,, E[p>°]) = H'(I, M)[y — 1], it follows that

lce(B/Q)I;* £ Np,l#p

where N is the conductor of F, and ¢;(F/Q) is the Tamagawa factor at £ for E/Q. Now suppose
that E has good ordinary reduction at p. Then a straightforward but more involved calculation
shows that

#Kp = (#Lp/(1 — ap))2a
where again «, is the p-adic unit root of 22 — a,(E)z + p. As Sely,~(E/Q) = ILI(E/Q)[p>] when
Sel, is finite, we can now restate the preceding corollary as:

Corollary 7. Under the assumptions of the preceding proposition and assuming that E has good
ordinary reduction at p,

#S(E/Quo)ly — 1] = |(1 — ap)? - #1IL(E/Q)[p™] - [] ee(E/Q)

leE

More generally, let 1 : Gg — I’ jas @: be the finite order character sending v (or any lift
of it) to the pth-power root of unity . One can also compare (S(E/Qs) ®z, Z[¢])[y — (] to
Sel(E, 1/}51) in a similar way. Doing so yields:

Proposition 8 (Control Theorem for twists in the ordinary case). Suppose E/Q has good ordi-
nary or multiplicative reduction at p and that (irredg) holds. Let ¢ be a pth-power root of unity.

Suppose also that X (E/Qu) is a torsion A-module and that Sel(E, ¢El) is finite. Then there is
an exact sequence

0= Sel(E,v; ") = (S(B/Qx) @z, ZI) [y — ¢] = ker {Pe¢ = (Pe @z, Zy[¢])ly — ]} = 0.

Here Pz ¢ = [[jex Pec with Py defined just as P, but with E[p>] replaced with the group
W = E[p>] ®z, Zy[¢] with Gq acting as p ® wgl.

Both of these propositions are particularly useful if X(F/Q) has no non-zero pseudonull
submodule. If this is so, then by Lemma [4] the order of S(E/Qouo)[y — 1], which is the order of

X(E/Qux)/(y—1)X(E/Qx), equals the order of Z,/(gg(0)) for any generator gg of {(E/Qc).
This highlights the utility of the next proposition.

Proposition 9 (No pseudonull submodule). Suppose E/Q has good ordinary or multiplicative
reduction at p and that (irredg) holds. Suppose also that X (E/Qw) is a torsion A-module. Then
X(E/Qos) has no non-zero pseudonull submodules.

Combining these results we conclude:

Proposition 10. Suppose E/Q has good ordinary reduction at p and that (irredg) holds. Suppose
also that X (E/Qx) is a torsion A-module and that Selye (E/Q) is finite. Let gg be a generator
of the characteristic ideal §(E/Qu). Then

—1

l9£(0)]) " = #S(E/Qu)ly — 1] = |(1 — ap)? - #LI(E/Q)[p] - [] ce(E/Q)

f|Ng »
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This result can be extended to cover the case of multiplicative reduction and even to allow
for E[p>]%e # 0. This as well as many details can be found in the papers of Greenberg (see
especially [23, Thm. 4.1] and also [63} § 3.2]).

3.4.2. Se;(E/Kx). Let v4 € Fii{ C 'k = Gal(K«/K) be topological generators such that
v+ maps to v in I' = Gal(Qs/Q). The next proposition relates Selg;(E/Ks)[y+ — 1] and
SelBDP(E/KSOC). Let Ag = Zp[[FKH and A, = Z,,[[F*]] = Zp[[Gal(Kgg/K)]]

Proposition 11. Suppose E has either good or multiplicative reduction at p and that (irredy)
holds. Suppose that holds. Suppose also that Xppp(E/K?2S) is a torsion Aa.-module. Let
>~ be the set of primes at which E has bad reduction and which are inert in K. Then there is
an exact sequence

0 — Selgpp(E/K%) = Sax(E/Koo)lvs — 1] = [[ Hi (Ko, Mac) x Hy = 0,
lex—
where
Hy = ker { H (K5, Mac) — H' (K5, M)y — 1]} = MC.

Note that H; has finite order and is even trivial if F has supersingular reduction at p. On the
other hand, for £ € =, H} (K;, M?®) = Homss(Aac, E[p™]%). The characteristic ideal of the
dual of this last group is (c,(E/K)) C Aae, the ideal generated by the Tamagawa number of E/K
at the prime /.

The proof of Proposition [L1] proceeds along the lines of the proof of Proposition

3.4.3. Sppp(E/K%). We assume that holds. The Selmer group Sppp (E/K2) was defined
so as to closely interpolate the Selmer groups for twists of V,F by anticyclotomic characters
X : Gg — T'¥ — O* with Hodge-Tate weight > 1 at v (and so < —1 at ©). So it would be
natural to formulate a control theorem relating such a Selmer group to Sgpp(E/K2)[v- —x(7)]-
We leave it to the interested reader to do so. Instead we consider the Selmer group Selgpp(E/K)
defined to be the group

H'(K,, E[p™])

HY(K,, E[p™])a X Hl(Kl_“E[pooD

ker§ H' (G, Ep™) ™[] H'(Kw,E[P™]) x
wEX, wip
Note that Selppp(F/K) is not a Bloch-Kato Selmer group: the local condition at the places

w | p is not that imposed by the Bloch-Kato subgroup H} (K, E[p>]). However, Selppp (E/K)
is defined by a Selmer structure.

The control theorem of interest to us is:

Proposition 12. Suppose E has good reduction at p and that (irredy) holds. Suppose that
(split) holds. Suppose also that Selgpp(E/K) has finite order. Let % be the set of places of K
of residue degree 1 at which E has bad reduction. Then there is an exact sequence

0 — Selppp(E/K) = Sppp(E/KX)[y- —1] = [ Ha(Tw, Ep™]) x K, x Ky =0,
wext
where

H, = Hl(Kv:E[poo])/Hl(szE[poo])div = H' (vaT E) = HO(vaE[pOO])Vv

tors
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and
Hy = ker { H' (K, E[®]) = H"(Kg, Mao)[y— — 1]} = M /(v — 1) M.

Note that #H; = #H°(Ky, E[p*>]). In particular, both H, and Hj are trivial if E has super-
singular reduction at p and otherwise both have order equal to #Z,/(1 — a,(E) + p).

Write Ngp = NTN~ with NT divisible by primes split or ramified in K and N~ divisible by
primes inert in K.

Corollary 13. Under the hypotheses of the preceding proposition,

|#Spoe(E/K) - —1]|," = |#Selzpp(E/K) - [ c(B/Q)?-5,(E)?|

¢N+
p

where 0,(E) =1 if E has supersingular reduction at p, and 6,(E) =1—a,(E) +p if E has good
ordinary reduction at p.

3.4.4. S4(F/Qs). Kobayashi established a control theorem for the +-Selmer groups S1 (E/Qx)
which is the obvious analog of Proposition

Proposition 14 (Control Theorem for the supersingular case). Suppose E/Q has good super-
singular reduction at p with ap(E) = 0 and that (irredg) holds. Suppose also that X4 (E/Qs) is
a torsion A-module and that Sely (E/Q) is finite. Then there is an exact sequence

0 = Selp (E/Q) = S+(E/Quo)ly — 1] =[] ker{P: — Pily - 1]} — 0.
LET U+#p

Under the hypothesis that X4 (EF/Q) is a torsion A-module, B.D. Kim [35] has shown that
X+(E/Qs) has no non-zero pseudonull submodule. As a consequence, just as in the ordinary
case, we have

Proposition 15. Suppose E/Q has good ordinary reduction at p and that (irredg) holds. Suppose
also that X+ (E/Qx) is a torsion A-module and that Sel,~ (E/Q) is finite. Let gg + be a generator
of the characteristic ideal 4 (F/Qx) = £(X+(F/Qux)). Then

-1

l95,4(0)]," = #5+(E/Quo)ly — 1] = [#LIE/Qp™]- []

LN
INe |,

4. MAIN CONJECTURES

The Main Conjectures for elliptic curves generally have two ingredients: the characteristic ideal
of the dual of the Selmer group and a related p-adic L-function, ideally both in some A. Then the
conjecture generally has two parts: the torsion-ness over A of the dual of the Selmer group (and
hence the non-vanishing of the characteristic ideal) and the assertion that the p-adic L-function
generates the characteristic ideal. In some cases it is also possible to formulate a Main Conjecture
‘without L-functions.” This generally means that the p-adic L-function has been replaced with
some appropriate element in an Iwasawa cohomology group (a universal norm). These elements
often come from an Euler system. The Main Conjectures without L-functions have proven useful
in relating different Main Conjectures.
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Let E be an elliptic curve over Q. In the preceding section we defined Selmer groups for E and
certain Zg—extensions F./F. In the following we recall the Main Conjectures for these groups.
In order to do so it is helpful to recall some facts about F and its L-series.

Recall that F is modular. This means there is a weight 2 newform fg € S3(I'o(Ng)), where
Ng is the conductor of E, such that the Fourier expansion fp = fo:l anq™ has coefficients in
Z and L(E,s) = L(fg,s) = Y », apn~*. It also means that there exists a surjective morphism
¢ : Xo(Ng) — FE over Q under which the oo cusp is mapped to the identity element (that
is, the point at infinity) of E. The pullback under ¢ of a Néron differential wg of E satisfies

Ppwr = 2mifr(T)dT = cwy,, for some non-zero constant c.

4.1. p-adic L-functions. We first recall the p-adic L-functions that appear in the statements
of the Main Conjectures.

4.1.1. L(E/Qx) and L(E/K). We begin with the cyclotomic Z,-extension of Q. We assume
that F has good ordinary or multiplicative reduction at p.

Given a primitive p‘th-power root of unity (, recall that ¢¢ is the finite order character of
Gq obtained by projecting to I'g and composing with the character of I'g that sends v to (.
Similarly, ¢¢ : A — Z,[¢] C Q,, is the homomorphism sending v € T' to ¢ (so the homomorphism
of Ag = Z,[T] sending T to ¢ —1). We also denote by 9 the Dirichlet character of (Z/p'*1Z)*
such that image of v € 14pZ,, is sent to ¢ (unless ¢t = 0, in which case 11 is the trivial character).

There exists an element £(EF/Qx) € Ag = Z,[I'g] such that for any primitive p’th root of
unity (,

L(feg, v i1
B (L(E)Qu)) = ey() 2BV )

Qyf, ’
where ¢, is a certain (essentially canonical) period of fg and
—(t+1) _p'*!
o} = 1
p G(wc 1) C 7&

ep(C) = oz;l (1_(1%)7% C=1.

Here L(fg, wc_l, s) is the twist of the L-function of fg by the Dirichlet character wc_ L Also, oy
is the p-adic unit root of 2% —a,(E)X +p if E has good ordinary reduction at p and a = a,(E) €
{#£1} if E has multiplicative reduction at p, G(z/ng) is the Gauss sum, and m,, = 2 if E has good
reduction at p and m, = 1 if F has multiplicative reduction. This is the p-adic L-function of fg
first constructed by Amice-Vélu and Vishik (see also [46]).

Let K be an imaginary quadratic field and suppose that holds (for simplicity). There
exists an element L(E/K,) € Ak defined by an interpolation property for finite characters of
I'k that is analogous to that of L(E/Qu). A construction of this p-adic L-function can be made
through p-adic interpolation of Rankin—Selberg integrals, as done by Perrin-Riou [54] (see also
[64]), or via modular symbols along the lines of the construction of £(E/Qs) by Amice-Vélu
and Vishik (cf. [43]). The p-adic L-functions £L(E/Qs) and L(E/K) are related by

(L-fact) L(E/Quo)L(E" /Qoo) = L(E/Ks) mod (- — 1).

Here EX is the K-twist of E (so L(EX,s) = L(E, xx,s), where yx is the quadratic Dirichlet
character associated with K/Q).
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4.1.2. Lo (E/Ky). We assume that (split) holds. For simplicity we will assume that the con-
ductor Ng of E and the discriminant —Dg of K are relatively prime and neither is divisible by
p (this just simplifies some formulas).

Let 2g; C Homgs (T K,@: ) be the subset of characters such that the composition Gx — I'x X
@p is crystalline at both v and v and such that the Hodge-Tate weight at v is < —1 and at ©
is > 1. These are the Galois characters associated with unramified algebraic Hecke characters v
of K such that the restriction of ¢ to (K ® R)* = C* is just 2"z~™ for integers n,m > 1 and
such that n,m = 0 mod p — 1. Given x € Eg, we will write .1, for the corresponding algebraic
Hecke character (so oy,,, = X).

Let AW = A K®Zp Zy', where Zy' is the p-adic completion of the ring of integers of the maximal
unramified extension of Q,. Let x : 'y — @: be a continuous character. Then x determines
a Zy'-homomorphism ¢, : A¥ = Z)'['x] — @p by linear extension (it is the unique Z'-
homomorphism such that ¢, (v) = x(v) for all y € T C A%).

There exists an element L, (F/Ko) € AW such that for any x € Eqy,

2(n+m)
D(Lar(B/Ko)) = c(x) - B(f, ) - 72! (Sj) L(fpxah ),

where

E(fa X) = (1 - aP(E)Xalg(wv)ilpil + Xalg(wv)72p71)(l - ap(E)Xalg(wﬁ)pil + Xalg(wi)Qpil)v

with o, and w; respective uniformizers at v and v, ¢(x) is a product of powers of 2, ¢, N, and Dy
that depend on on n and m but do not matter for our applications (as these factors are all prime
to p), and Qg and Qg , are, respectively, archimedean and p-adic CM periods associated to
K. While the latter depend on choices, these choices only change the factors by a multiple of
(Zyr)™.

As in the case of the p-adic L-function £(F/Qx), there exists an interpolation formula for

characters x : 'y — @; that are ramified at v or ¥ but the same restrictions on Hodge—Tate
weights. However, we will not go into this here.

There are essentially two constructions of Lg;(E/Ks) (and the two are closely related). The
first realizes Lqr(F/Koo) as a special case of Hida’s construction of p-adic Rankin-Selberg L-
functions [29] involving a Hida family of CM eigenforms. The other realizes Lo (E/Ko) as a
p-adic L-function for a cuspform on a definite unitary group U(2), constructed via the doubling
method (see [70] and [16]).

Remark 4.1.2.a. Tt is possible to define a slight modification of L, (F/K ) that is actually an
element of Ax and not just A¥. This requires normalizing the L-values by a ‘congruence period’
for the anticyclotomic character xg;,/Xalg, but the result is less canonical.

Remark 4.1.2.b. Tt is also possible to construct L, (E/Ks) when p | Ng or when (Ng, D) # 1,
but the result is more cumbersome to write down.

4.1.3. Lppp(E/K?3). We again assume that (split) holds and that the conductor Ng of E and
the discriminant — Dy of K are relatively prime, and neither is divisible by p. We also assume
that (irred)g holds (as with the other hypotheses, this is mostly to simplify formulas). We make
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the additional assumption that
e Np = NtTN~ with N divisible only by primes that split in K and
(Heeg) N~ divisible only by primes that are inert in E;

e N7 is the squarefree product of an even number of distinct primes.

This is essentially the Heegner hypothesis. It ensures that the root number w(E/K) equals —1,
among other things. It also ensures that the sign of the functional equation of L(fg, X;lé, s) is
+1 for any (anticyclotomic) character x € ZEg, that factors through I'3¢.

Let Zgpp C Homcts(Fé}g,@:) be the subset of characters such that the composition G —
% X @p is crystalline at both v and v and such that the Hodge-Tate weight at v is < —1
and at v is > 1. These are the Galois characters associated with unramified algebraic Hecke
characters 1 of K such that the restriction of ¢ to (K @ R)* = C* is just (z/z)™ for and integer
n > 1 and such that n = 0 mod p — 1. Note that these are also just the xy € Zq, that factor
through the projection I'xr — I'%¢.

Let ALl = Auc®z,Z5". There exists an element Lppp(E/K2) € AL such that for any x €

ac
ZBDP;

4an
b (Lopp(E/K)) = (x) - E(f,x) - 72! (S?K) L(feoxat ) T elB/K)

K,00 (N

where E(f, x) and ¢(x) are is in the interpolation formula for Lg,(E/K), and ¢(E/K) is the
Tamagawa number for E/K at the prime ¢ of K.

This p-adic L-function was essentially constructed in [4] and [6] as the square of another p-
adic funtion. This second p-adic L-function interpolates weighted sums of the values on CM
points on a Shimura curve of powers of the Maass—Shimura operator applied to the modular
form fg (or of a Jacquet-Langlands transfer of fg to the Shimura curve); the weights and the
power of the operator vary with x. This is just a p-adic interpolation of integral formulas of
Waldspurger and Gross. The p-adic L-function resulting from the constructions in op. cit. may
differ from the Lppp(F/K~) as we have described by multiplication by a unit in AZ5-*. The
factor [ ], n- co(E/K )~1 arises from the normalization of the Jacquet-Langlands transfer of fz
to the Shimura curve — it is at this point that we use the hypothesis that (irredg) holds.

Comparing interpolation formulas it is clear that:

Lemma 16. Suppose (split]) holds and that Ng is coprime to Dy and both are prime to p.
Suppose also that (Heeg)) and (irredg) hold. Then

Lepp(E/K5) - [] cl(B/K) = Lax(B/Koo) mod (74 — 1).
(qN-

We record two other important facts about Lppp(E/KZS). The first fact is of an Iwasawa-
theoretic nature:

Theorem 17 (1 = 0). Suppose all the hypotheses of Lemma hold. Suppose also that N
is squarefree. Then the p-invariant of Lppp(E/K2S) is 0, that is, Lppp(E/K2) is non-zero
modulo p.
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This theorem was proved by Burungale [7, Thm. B]. Note that this includes the assertion that
Lppp(E/KZ2) # 0, which is far from obvious!

The second fact is of clear arithmetic import:

Theorem 18 (The BDP formula). Suppose all the hypotheses of Lemma hold. Suppose also
that N is squarefree if N~ # 1. Then

1—a,(E)+p

2
¢1(LepP) = U < -logp(x,) yK>

for some u € (Z)7)*

Here yx € E(K) is a Heegner point associated with K and the parametrization of E by the
Shimura curve (the same curve that occurs in the construction of Lppp(E/K5)), and logg k)
is the log map on the p-adic Lie group F(K,) defined by the formal group logarithm. Note that
the trivial character 1 of I'}¢ does not belong to Egpp. Theorem @ follows from the main results
of |4] and [6].

4.1.4. L1 (F/Qs). This begins with a closer look at the constructions of Amice-Vélu and Vishik.
Let E be an elliptic curve with good reduction at p. Let o, and 3, be the roots of 2% —a, (E)z+p.
Then Amice-Vélu and Vishik constructed two power series (this construction is also explained in

[46])

n—oo N

L(E,e;T) € Hig, = {ZanT € Q1] : lim M—O},oe{ap,ﬂp},

with the property that for a primitive p’th root of unity ¢,

L(fe, ;"5 1)

LB e ¢ =60

where

(o) G (A1
(-3 (=1

However, the L(E, e;T) do not belong to Ag = Z,[T] unless e is a p-adic unit (which is the case
when E has ordinary reduction and e = «,, is the unit root).

eP(Ca .) =

Now suppose that a,(E) =0, so 8, = —a,. Let

1oy @pen(14T w1 (14T
1og;(1+T):p||p2(pH and log, (1+7) = || By 21T
n=1 —

where ®,m(X) is the p™th cyclotomic polynomial. Pollack [52] has shown that there exist
L+ (E/Qs) € Ag such that

L(E, +ap;T) =logf (1+7T)-L_(E/Qu) £ aplog, (14 T) - L4 (E/Qx).

The functions £4(E/Qs) have the following interpolation property. Suppose ¢ is a primitive
ptth root of unity. If t > 0 is even, then

e pttl L(fe, v 11
0c(L4(B/Qx0)) = (-1)'F ( I o )W

1/{ odd m=1 Qs
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If ¢t > 0 is odd, then

t+1 t+1 t—1 L , 717
dc(L_(E/Qu)) = (71)7L ( 11 @p,”(o1> M

GW) \oven mes Q,
Also,
61(£+(F/Qu0)) = 2L(£f’1) and (L (E/On)) = (p— l)L(SJ;f, 1)

Remark 4.1.4.c. Sprung [66] has extended Pollack’s construction to cover the remaining super-
singular cases, where a,(E) # 0. It is also possible to extend the construction of £4(E/Qx)
to two-variable L-functions in Ag, at least when holds. This yields ‘doubly-signed’ p-adic
L-functions as it involves the choice of a root of z? — ap(E)x + p for each of the primes above p.
Such a construction can be found in [43] (see also |44]).

4.2. The Main Conjectures. We are now in a position to state the Main Conjectures we are
interested in.

4.2.1. S(E/Qx) and S(E/Kx). Let E be an elliptic curve over Q. The Main Conjecture for
S(F/Qu) is just:

Conjecture 19 (The cyclotomic Iwasawa—Greenberg Main Conjecture for E). Suppose E has
good ordinary or multiplicative reduction at p. The Pontryagin dual X(FE/Qux) of S(E/Qu)

is a torsion Ag-module and its characteristic ideal £(E/Qs) = E(X(E/Qx)) is generated by
L(E/Qx) in Ag ®z, Q, and even in Ag if (irredg) holds.

This conjecture can be partially motivated by the combination of control theorems such as
Propositions [5] and [§] and the Bloch-Kato conjectures on special values. The latter predicts
that #(S(E/Qu) ®z, Zp[C]) [y — ¢] should equal #7Z,[(]/d¢(L(E/Qs)) — upon using the control
theorem to relate the first group order with the size of a Bloch-Kato Selmer group and using
the interpolation properties of the p-adic L-function to relate the second group order to a special
value of an L-function. And since the first group order should be (upon assuming torsion-ness
and no non-zero pseudonull submodule) #Z,[C]/¢¢(9E), for gr € £(E/Qu) a generator, the most
optimistic (and reasonable) conjecture to make is that gr can be taken to be L(E/Qx).

The main conjecture for S(E/K) is:

Conjecture 20 (The 2-variable Iwasawa—Greenberg Main Conjecture for E/K). Suppose E has
good ordinary or multiplicative reduction at p. The Pontryagin dual X(E/K) of S(E/K)
is a torsion Ax-module and its characteristic ideal {(E/Ky) = &(X(F/K)) is generated by
L(E/K) in Ak ®z, Qp and even in A if (irredg) holds.

4.2.2. Sgr(E/Ky). At this point it should be easy to guess what the main conjecture for
Scr(F/Ko) is:

Conjecture 21 (The two-variable Iwasawa—Greenberg Main Conjecture for Sg,(E/Kx)). Sup-
pose E has good reduction at p. Let K be an imaginary quadratic field such that holds.
The Pontryagin dual X (E/Ks) of Scr(E/Koo) is a torsion Ax-module and its characteristic
ideal {ar(E/Koo) = §(Xar(E/Kx)) is generated by Lar(E/Kyo) in AY @z, Qp and even in A
if (irredg ) holds.

Note that unlike Conjecture [I9] this conjecture allows E to have supersingular reduction at p.
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4.2.3. Sppp(E/K?2). An obvious variant on Conjecture [21]is:

Conjecture 22 (The anticyclotomic Main Conjecture for Sgpp(E/K?2S)). Suppose E has good or
multiplicative reduction at p. Let K be an imaginary quadratic field such that holds. The
Pontryagin dual Xppp(E/KZ) of Sppp(E/KZS) is a torsion Nyc-module and its characteristic
ideal SBDP(E/K&(,:) = E(XBDP(E/KgOC)) 18 genemted by EBDP(E/KSOC) m Aac ®Zp Qp and even
in Nye if (irredg) holds.

Remark 4.2.3.a. Proposition [I1] and Lemma [I6] show that Conjectures 21] and 22] are closely
connected. In particular, under the hypotheses of Lemma it follows that Conjecture
implies Conjecture

4.2.4. St(E/Qs). Finally, we state the Main Conjecture for the £-Selmer groups:

Conjecture 23 (The cyclotomic +-Iwasawa Main Conjecture for E). Suppose E has supersin-
gular reduction at p and ap(E) = 0. The Pontryagin dual X+ (E/Qx) of S+(E/Qx) is a torsion
Ag-module and its characteristic ideal {1 (F/Qux) = £(X1(F/Qx)) is generated by L1 (F/Qs)
in Ag ®z, Qp and even in Aq if (irredg) holds.

4.3. Main Conjectures without L-functions. The classical Main Conjecture of Iwasawa the-
ory has an equivalent formulation that does not involve p-adic L-functions. Following especially
[34, §12 |, analogous formulations exist for the Main Conjectures of elliptic curves. In the rest of
this section we give a rough description of this in some of the cases already considered in these
lectures.

Let E/Q be an elliptic curve. We will assume that E has good ordinary reduction at p.

4.3.1. The cyclotomic Main Conjecture. For simplicity, we also assume (irredg) holds. Let

1 res
Hl(Z[];], T @z, Ag) =ker{ H'(Gx, T @z, Ag) ™5 [[ H'(1e,T® Ag)
LEX LD
Here we let Gg act on T'® Ag via p® W. Let
Sstr(E/Qoo) = ker {S(E/Qoo) — Hl(@p7 M)} and thr(E/Qoo) = Sstr(E/Qoo)v-
Kato has constructed, more-or-less naturally, a free Ag-module Zkaio C H* (Z[%], T®z,Ag). The
Main Conjecture without L-function in this case asserts that H 1(2[%], T ®z, Ag) is a torsion-free
rank one Ag-module, that Zkai, # 0, and that

1 .
(IMC-noL) €(H1(Z[5L T ®2, M)/ Zkato) = &(Xatr (E/Qo0))-
The connection with Main Conjecture with L-function comes about as follows. Let

Hl (Q 7T ®Z A ) . \
S e A & — (im(HY(Qp, MT)))",
im(H'(Qp, T @2z, Ag))
where the second = is the identification coming from local duality. Then there is a Coleman
isomorphism

Hj¢(Qp, T ®2z, Ag) =

Col : H)(Qp, T ®z, Ag) = Ag
of Ag-modules, which essentially interpolates the dual Bloch-Kato exponential maps for all the
specializations T'(1¢) of T ®z, Ag.
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It is a consequence of global duality that there is an exact sequence

Hl(Z[l]aT(@Z AQ) "es Hl (QpaT®Z AQ) res”
p P 731> /f P —)pXE oo_>Xer oo—>0-
7 resy(Zraro) (E/Qx) o (E/Qoo)

Aside from the exactness on the left, this is just a special case of . The left-exactness holds
since Hl(Z[%],T ®z, Ag) is assumed to be a torsion-free Ag-module of rank one (part of the
Main Conjecture without L-function) and since Col(res,(Zkato)) = (L(E/Qx)), which has been
proved by Kato, and since L(E/Qu) # 0 by a result of Rohrlich [56]. Admitting the equality
in the Main Conjecture without L-function and appealing to the previously mentioned results of
Kato and Rohrlich, Hl(Z[%}, T &z, Ao)/Zxato, H}¢(Qp, T ® Ag)/resp(Zkato), and X (E/Qoo)
are all torsion Ag-modules, hence so too is X(F/Q). Moreover, since characteristic ideals
behave well in exact sequences, we also have

ﬁ(E/@DO) = f(H/lf(Qp, T ®Zp AQ)/ZKatO) = f(AQ/COI(ZKatO)) = (E(E/Qw)v

so the Main Conjecture with L-function follows.

0—

Remark 4.3.1.a. The formulation of the cyclotomic Main Conjecture without L-function in
(IMC-nol) makes sense even in the case of supersingular reduction at p. It is only in the
connection to the Main Conjecture with L-function (Conjecture that made use of ordinary
reduction.

4.3.2. The two-variable Main Conjectures for E /K. Let K be an imaginary quadratic field such

that (split)) holds. Let Hl(OK[%], T ®z, Ak) be defined in analogy with HI(Z[%], T ®z, Ag). Let
1 HY(K,,T ®z, Ak)
Hpa (K, T ®z, Ag) = ker{ H (O [=],T ®z, Ax) =5 N
ordret (KT €2, Arc) er{ (OK[Z?L @z, M) = im(HY(K,, T+ ®z, Ak) ’

and let Sopastr(E/Ks) C S(E/Ks) be the subgroup of classes whose restriction at the place ©
is trivial.

Lei, Loeffler, and Zerbes [42] have constructed a free Ag-submodule Zi1z C Hy g (K, T ®z,
Ak) (essentially norm-compatible systems of their Beilinson—Flach elements — this also requires
varying them in Hida families (cf. [37])). The Main Conjecture without L-function in this case

is that H! (K, T ®z, Ax) is a torsion-free Ax-module of rank one, that Zppz # 0, and

ord,rel

g(ngd,rel(K7 T ®Zp AK)/ZLLZ) ; g(Xord,str (E/Koo))7 Xord,str (E/Koo) = Sord,str(E/Koo)v~

One of the remarkable features of this Main Conjecture without L-function is that it is also
related to the Main Conjecture with L-function for both Sq,(E/K) and S(F/K). It implies
two distinct Main Conjectures!

The connection with the two-variable Main Conjecture for Sg,(E/Ko) comes via the exact
sequence:

1
0— Hord,rel

(K, T ®z, Ak) res. im(HY (K, TT ®z, Ak) res!

VARY/ resy(ZiLz)
Other than the exactness on the left, this sequence is just a special case of . The exactness
on the left follows from the assumption that H} 4 (K, T ®z, Ak) is a torsion-free Ax-module
of rank one together with res,(Zrrz) being non-torsion. The latter follows from a suitably
normalized version of Perrin-Riou’s ‘big logarithm’ map Log,, : im(H'(K,, T"®z, A )®a, Af =
AW and the expectation (essentially proved by Lei, Loeffler, and Zerbes) that Log,(ZrLz) =

— XGr(E/Koo) — Xord,str(E/Koo) —

0.



30 CHRISTOPHER SKINNER

(Lar(E/K) together with the non-vanishing of La:(E/Ks) (which is easier to prove than for
L(E/Qx)). The argument concluding the Main Conjecture with L-functions now proceeds as
before.

The connection with the two-variable Main Conjecture for S(E/K ) comes about via a second
exact sequence:
H;rd,rel(K7 T ®Zp AK) resy

0— —
YARW resy(Z1Lz))

where as before H/lf(Kw,T ®z, Ak) = HY(K,,T ®z, Ag)/im(HY (K, T+ ®z, Ax). The key
to this second sequence is the Coleman isomorphism Coly : H/lf(KT—,, T ®z, Ak) 5 Ak and the

expectation that Coly(ZrLz) = (L(F/K)) (essentially proved by Kings, Loeffler, and Zerbes)
and the non-vanishing of £L(F/K) (which follows from (L-fact) and the aforementioned result
of Rohrlich). The argument again proceeds as before.

Hl (K’THT@Z AK resY
/f , Ax) Y X(E/Ks) = Xorasr(E/Ko) = 0,

4.3.3. The Heegner point Main Conjecture. Before the work of Kato and Lei—Loeffler—Zerbes,
Perrin-Riou [53] formulated an anticyclotomic Main Conjecture for S(E/K?2S) in cases where the
Heegner hypotheses (such as (Heeg])) hold. Let

Hl(Kwa T ®Zp Aac)
im(Hl(Kw, T+ ®Zp Aac)
p

1 res
ngd(K7 T Rz, Aac) = ker HI(OK[];L T Rz, Aac) —
w]
The Heegner points over the ring class fields of K[p"] form norm-compatible sequences in
H!((K,T ®z, Mac) that generate a free Aye-submodule Zpeeg C Ho (K, T ®z, Aac). In this
case Perrin-Riou’s anticyclotomic Main Conjecture is that X (E/K2) ~ Aye @ N @ N for N a
torsion Ag.-module and that

E(N) ; cg‘l (Hird(KvT ®Zp Aac)/ZHeeg)a

where ¢ is the Manin constant for the modular parameterization of E (by the Shimura curve
dictated by the hypothesis (Heeg))). This conjecture is closely connected with the Main Conjecture
for SBDP(E/K&C)).

5. THEOREMS AND IDEAS OF THEIR PROOFS

We recall a few of the results, some recent, towards proofs of the Main Conjectures stated
earlier. We also try to give some idea of their proofs.

5.1. Cyclotomic Main Conjectures: the ordinary case. We begin, as always, with the case
of the cyclotomic Z,-extension of Q. One result that encompasses many instances of the Main
Conjecture for this case is:

Theorem 24. Let E/Q be an elliptic curve of conductor Ng. Let p > 3 be a prime at which
E has good ordinary or multiplicative reduction. Suppose that (irredg) holds. Suppose also that
there exists a prime £ || Ng, £ # p, such that E|p| is ramified at £. Then the Twasawa—Greenberg
Main Conjecture for S(E/Qs) is true. In particular, X (E/Qs) is a torsion Ag-module and

§(E/Qu) = (L(E/Qx)) € Ag-

The proof of this theorem is contained in [34] [64] [63].
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5.1.1. Remarks on related results. Of course, there are many other interesting results toward this
case of the Main Conjectures for elliptic curves. We comment on a few:

e The Main Conjecture for a CM elliptic curve with ordinary reduction at p (which is
excluded by this theorem because of the hypothesis on some ¢ || Ng) was proved much
earlier by Rubin [58].

e Kato’s divisibility ((Div-1]) below) also holds, at least in Ag®z, Q,, when (irredg) fails to.
Greenberg and Vatsal [26] exploited this and the classical Main Conjecture for Dirichlet
characters to deduce the cyclotomic Main Conjecture for some elliptic curves E for which
Elp] is a reducible Gg-representation. In the same paper Greenberg and Vatsal pioneered
a method of showing that when the analytic and algebraic Iwasawa p-invariants vanish,
the Main Conjecture for one elliptic curve E (or eigenform f) implies the Main Conjecture
for any congruent elliptic curve (or eigenform). These ideas were then further developed
by Emerton, Pollack, and Weston [17].

e Results of Grigorov [27] and more recently of Kim, Kim, and Sun [36] make it possible to
‘numerically verify’ instances of the cyclotomic Main Conjecture (showing that is implied
by some value being prime-to-p). This yields examples of the cyclotomic Main Conjecture
for elliptic curves with, say, squarefull conductors.

5.1.2. Idea of the proof of Theorem[2} Theorem [24) was proved in two big steps and one smaller
one.

In the first step, Kato proved that X (F/Qu) is a torsion Ag-module and that
(Div-1) (L(E/Qx)) C&(F/Qx) if E has good ordinary reduction at p.

This was done by an Euler system argument. To be precise, the argument requires that E have
good reduction at p as well as the existence of an element o € Gg that fixes Qo and is such that
T/(c —1)T is a free Zy-module of rank 1. The hypothesis that E[p] is ramified at some ¢ || Ng,
¢ # p, ensures the existence of such an element o.

In the second step, Urban and the lecturer showed that if K is an imaginary quadratic field of
discriminant — Dy such that (a) (Dg,4Np) = 1, (b) p splits in K, and (¢) Ng = N~ N* with
N~ (resp. NT) divisible only by primes that are inert in K (resp. split in K) and N~ is the
square-free product of an odd number of primes £ such that E[p] is ramified at ¢, then

Here EX is the K-twist of E.

Suppose now that E is as in the statement of the theorem. It is easy to see that it is always
possible to choose K so that all the hypotheses required for are satisfied. If in addition
E has good ordinary reduction, then combining (Div-1)) (for both the curve E and its K-twist
EX | which will also have good ordinary reduction at p) with (Div-2) yields the Main Conjecture
for E.

The final step is to extend this result to include those E with multiplicative reduction. This
was done in [63]. The argument there uses the fact that the results in [34] and [64] actually prove
the Main Conjecture for p-ordinary newforms f € Sg(To(N)), pt N, with K =2 mod p— 1. A
simple congruence argument then shows that the Main Conjecture for an E with multiplicative
reduction at p can be deduced from the Main Conjectures for such f. The key point is that fg,
the newform associated with E, is a p-adic limit of such newforms f.
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As noted, Kato’s proof of (Div-1|) goes via Euler systems. In particular, it involves progress
toward the Main Conjecture without L-function for E as in Section More precisely, Kato
constructs an Euler system for T. The base of this Euler system, when it is non-zero, is a rank
one Ag-module Zxato C H 1(2[%], T ®z, Ag). The machinery of Euler systems then proves that
in this case H'(Z[}], T ®z, Ag) is a free Ag-module of rank one and that

1
f(Hl(Z[];], T ®Zp A@)/ZKatO) - g(Xstr(E/QOO))’

Furthermore, via a deep ‘explicit reciprocity law’ Kato also shows that Col(Zkato) = (L(E/Qu))-

Then arguing much as in Section yields both that X (E/Q) is torsion and (Div-1)).

To try to say much about the proof of would take us far afield of the focus of these
lectures. So suffice it to say that the proof is an extensive generalization of the Eisenstein
congruence arguments used in Wiles’s proof 73] of the Iwasawa Main Conjecture for totally real
fields. Moreover, is actually just a consequence of the main theorem in [64], which is
in fact an inclusion towards a three-variable Main Conjecture: the extra variables come from
including fg, the newform associated with F, in a Hida family and working with the extension
K /K. The very rough idea is to first construct a three-variable p-adic family of Eisenstein series
on GU(2,2) whose constant term is divisible by this three-variable L-function. Then to show
that this Eisenstein family is coprime to the p-adic L-function by showing that for any height
one prime divisor of the p-adic L-function there is some Fourier coefficient that is not divisible by
this height one prime. Finally, use the Galois representations associated to cuspidal families on
GU(2,2) that are congruent to this Eisenstein family (by the preceding steps, these congruences
are ‘measured’ by the p-adic L-function) to construct classes in the appropriate Selmer group.

5.2. The Main Conjectures for Sg,(E/K) and Sppp(E/K2S). Recently, progress has been
made towards the Main Conjectures for Sq,(E/KZ) and Sgpp(E/KZ). One result that encom-
passes some of this progress is:

Theorem 25. Let E be either a semistable elliptic curve or a quadratic twist of such a curve.
Suppose E has good reduction at p and that (irredg) holds. Suppose also that there exists a prime
¢ || Ng, € # p, such that E[p] is ramified at {. Let K be an imaginary quadratic field with
discriminant —Dy . Suppose (split)) holds, (Dg,Ng) =1, and £ is inert in K. Suppose also that

(Heeg]) holds.

1) Xar(E/Ky) is a torsion A%Y-module and Xgpp(E/K?2°) is a torsion A -module.
() ( / ) K fe%e] ac
ii) There exists an element 0 a € A¥_ = ZW[SY] such that a - Eqr(E/ Koo)' C
cyc D K
(Lar(E/Kx)) C AY.
(iil) Eepp(E/KS)™ C (Lepp(E/KL)) C Ay
(iv) If ptee(E/K) for all £ | N—, then (i) holds with a = 1.

Here we have written &-(-)"" to mean &7(-)A%. Part (ii) of this theorem is essentially the main
results of [70] and [71]. The element a in (i) can be taken to be divisible only by height one
primes of Lg;(E/Ks) that are of the form PAY for some height one prime P C A}

cyc*

Combining Theorem 25 with results toward the cyclotomic Main Conjecture, via arguments like
those in Section yields case of the Main Conjectures for Sq,(F/K) and Sppp(E/KZ2S).
For example:
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Theorem 26. Let E be either a semistable elliptic curve or a quadratic twist of such a curve.
Suppose E has good ordinary reduction at p and that (irredg) holds. Suppose also that there exists
a prime £ || Ng, £ # p, such that E[p] is ramified at £. Let K be an imaginary quadratic field with
discriminant — Dy . Suppose holds, (Dk,Ng) =1, and ¢ is inert in K. Suppose also that
holds and that p t co(E/K) for all £ | N~. Then X¢:(E/K) is a torsion AW -module
and Xppp(E/KZ2) is a torsion AL -module, and

§ar(B/Kso)™ = (Lar(E/Koo)) C A and &ppp(E/K)™ = (Lepp(E/KL)) C AL

That is, the Main Conjectures for Sqgr(E/Ks) and Sppp(E/KZ2S) hold.

5.2.1. Idea of the proofs of Theorems and . Part (i) of Theorem is a relatively easy
consequence of work of Cornut and Vatsal |10] together with the theorems of Gross—Zagier and
Kolyvagin (as extended by others to Heegner points coming from Shimura curve parameteriza-
tions). In particular, by [10, Thm. 1.5] there is some finite order character x of I'?¢ such that
L' (fE, X;;, 1) # 0. Let O be the ring of integers of the finite extension L of Q, containing the val-
ues of x. Let W = E[p™]®z, O(x~'). It then follows from the Gross-Zagier theorem and Kolyva-
gin’s Euler system argument that H} (K, W) has O-corank 1, with the O-divisible part generated
by the image of Heegner points. A simple Galois cohomology argument, such as appears in Sec-
tionbelovv7 then shows that Hipp (K, W) is finite, where by Hipp (K, W) we mean the group
of classes that are trivial at all places except v. A control theorem argument like that of Proposi-
tionshows that the dual Hipp (K, W)Y is a quotient of Xppp (E/K2)®z, O mod (y-—x(7-))
with a finite order kernel. It follows that Xppp(E/K?2S) is a torsion A,c-module. It then follows
similarly from Proposition [11|that Xq,(F/K) is a torsion Ag-module.

Part (ii) is a consequence of the main results in [70] and [71], in much the same way that
is a consequence of the main result in [64]. These main results are also inclusions toward
three-variable main conjectures, the additional variable arising from including fr in a Hida or
Coleman family. Again, the very rough idea is to first construct a three-variable p-adic family of
Eisenstein series, in this case on GU(3, 1), whose constant term is divisible by the three-variable
L-function. Then to show that this Eisenstein family is coprime to the p-adic L-function. This
step is complicated by the fact that forms on GU(3,1) do not have Fourier expansions, only
Fourier—Jacobi expansions. And then, once this is done, use the Galois representations associated
to cuspidal families on GU(3,1) that are congruent to this Eisenstein family (by the preceding
steps, these congruences are ‘measured’ by the p-adic L-function) to construct classes in the
appropriate Selmer group.

The passage from (ii) to (iii) follows from combining Proposition Lemma and Theorem
To make this work one must also note that Lemma [16] together with Lppp(E/KZX) # 0 (see
Theorem imply that Lo, (F/Ks) (and hence a) is not divisible by ~v4 — 1.

The stronger conclusion of (iv) follows since if Lor(E/Ko) had a divisor of the form PAg
for some height one prime P C A{, then Lg,(F/Ks) mod (v4 — 1) would be divisible by

P mod (4 — 1), which is a power of p (we already observed that P mod (y+ — 1) is non-zero
when passing from (ii) to (iii)). But this would contradict Theorem

To deduce Theorem[26]from Theorem[25] one can argue much as in Section As Xar(E/K)
is a torsion Ag-module by part (i) of Theorem s0 too is its quotient Xopd str(E/Ko). The
latter being torsion implies that H.q (K, T ®z, Ax) = 0 (here we use (irred)). This in turn
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implies that there is an exact sequence

Hl K,T@ A im ITZ'1 KU,T+® A resy
ordrl 2y Ac) req, M i M) 18 (B JK) = Xorausn (B Koo) — 0.
ZLLz resy(Zurz)

Part (iv) of Theorem [25|implies that

0—

im(Hl(Kv, T+ ®ZP AK)

resy (ZLLZ)

hence
Hérd,rel(K7 T ®Zp AK)

g(Xord,str(E/Koo)) g f( ZLLZ )

Furthermore, each of these inclusions is an equality if the other is. We will explain that the
second inclusion is an equality, hence so is the first.

By noting that S(E/Kx)[y- — 1] 2 S(E/Qwx) ® S(EX /Qs), one readily sees that X (E/K.)
is a torsion Ax-module (since X(F/Qu) and X(EX/Q) are both torsion Ag-modules). It
follows that H.  (K,T ®z, Ak) = 0 (here we again use that (Heegg) holds. It then follows that
there is an exact sequence

ITZ'1 K,T@ A res- Hl KT);T®ZP AK resy
0 = Hortral KT 2, Arc) regs By D X (B/K) > Xonasa (E/K) —0)
2117 resy(Z1Lz))

As g(Xord,str(E/Koo)) g g(ngd,rcl(K7 T ®ZP AK)/ZLLZa it follows that
H/lf(KTn T ®Zp AK)
res,—,(ZLLz))
And again, each inclusion is an equality if the other is. But by reducing the last equation
modulo (y_ — 1) and appealing to the cyclotomic Main Conjecture for both £ and EX (or even
just Kato’s divisibilities [Div-1)), we conclude that this last inclusion is an equality. Hence so

are the others. This proves the Main Conjecture for Sg;(E/Ks). The Main Conjecture for
Sppp (E/KZS) essentially follows by reducing modulo (y4 — 1).

§(X(E/Kx)) € &( ) = (L(E/Kx))-

5.2.2. Remarks on related results.

e Wan’s results actually allow Dx and N to have prime factors in common. This is
important for some applications.

e Wan also proved a version of Theorem ii) when is replaced by a condition
that allows the root number w(E/K) to equal +1. In this case Lppp(E/K2) = 0 and
Xppp(F/Ko) is not torsion.

e A careful read of the deduction of Theorem [26] from Theorem [25 shows that it actually
gives a second proof of the cyclotomic Main Conjecture for E and EX! (This is so, as
one can get away with appealing to Kato’s divisibility at the crucial step.)

e Wan has a modification of these results that allows many of the arguments to be applied
to E with supersingular reduction at p [71]. A summary of some of this is in [9).

5.3. Cyclotomic Main Conjectures: the supersingular case. The work of Wan, in com-
bination with the Beilinson-Flach elements of Lei-Loefller—Zerbes, has provided a means to
approach the cyclotomic Main Conjectures for Sy (EF/Qs) when E has supersingular reduction
at p and a,(E) = 0.
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Theorem 27. Let E/Q be an elliptic curve of conductor Ng. Suppose that E is either a
semistable curve or a quadratic twist of such. Let p > 3 be a prime at which E has super-
singular reduction and a,(E) = 0. Suppose that (irredg) holds. Suppose also that there exists a
prime L || Ng, £ # p, such that E[p] is ramified at £. Then the Main Conjecture for S1(E/Qoo)
is true. In particular, X4+ (E/Qs) is a torsion Ag-module and

§+(E/Qx) = (££(E/Qu)) € Aq-

The proof of this theorem combines work of Kobayashi [38] and Wan [71]. The argument
essentially follows as indicated in the third remark of Section [5.2.2] only everything is decorated
with a subscript + and Kato’s divisibility is replaced with Kobayashi’s.

5.3.1. Remarks on related results.

e The Main Conjecture for a C'M elliptic curve with supersingular reduction at p was
proved earlier by Pollack and Rubin [55].

e The Main Conjecture for Sy (E/Qu) is equivalent to the Kato’s Main Conjecture without
L-functions for F; the equivalence runs along the same lines as described for the ordinary
case in Section [£3.1]

e Sprung [66] [67] has extended Theorem [27]to include those E with supersingular reduction
at p but with a,(E) # 0.

5.4. Perrin-Riou’s Heegner point Main Conjecture. The proofs of the Main Conjectures
with L-functions described so far have both invoked progress toward Main Conjectures without
L-functions and resulted in the proof of such in many cases. This is one more.

Theorem 28. Let E be an elliptic curve over Q with conductor Ng and good ordinary reduction
at p. Suppose that N is either a semistable curve or a quadratic twist of a semistable curve.
Suppose (irredg) holds. Let K be an imaginary quadratic field of discriminant —Dy such that
holds. Suppose that Ng and Dy are relatively prime and that holds. Suppose
further that N~ # 1 and p { co(E/K) for all £ | N=. Then Perrin-Riou’s Heegner point Main
Conjecture is true. That is,

(a) X(E/K2) ~MAoe ® N ® N with N a torsion Ayc-module, and
(b) f(N) = g(ngd(Ka T ®Zp Aac)/ZHeeg)-

Here, the ~ in (a) means that there is a A,. homomorphism with pseudonull kernel and cokernel
(this is reflexive). See Section for definition of the terms in the statement of (b).

Part (a) of this theorem was known from earlier work of Bertolini, Cornut, and Nekovdf, while
Howard [30] [31] proved the inclusion D in (b). Wan [72] showed that equality could be deduced
from Howard’s inclusion in combination with his work on the Main Conjecture for Sg,(E/K).

Remark 5.4.0.a. Castella and Wan [9] have formulated and proved a version of the Heegner point
Main Conjecture when E has supersingular reduction at p and a,(E) = 0.
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6. ARITHMETIC CONSEQUENCES

By this point the reader will have recognized that many of the theorems towards the Main
Conjectures for elliptic curves have interesting consequences, especially for the (conjectured)
Birch—Swinnerton-Dyer formula. We explain a few in the following.

6.1. Results when L(E,1) # 0. As an almost immediate consequence of Theorem [24] and the
control theorems and especially Proposition we have:

Theorem 29. Let E/Q be an elliptic curve of conductor Ng. Let p > 3 be a prime at which
E has good ordinary or multiplicative reduction. Suppose that (irredg) holds. Suppose also that
there exists a prime £ || Ng, £ # p, such that Elp| is ramified at £. If L(E,1) # 0, then

-1
—1

= |#(E/Q)- [] «

Z‘NE

L(E,1)
Qp

Additional argument is required when E has split multiplicative reduction at p due to the
trivial zero of L(E/Qu ) at T = 0. The details of this case are included in [63]. We have written
#II(E/Q) and not just #II(E/Q)[p™] as it is known by the work of Kolyvagin that when
L(E,1) # 0 the Tate-Shafaravich group III(E/Q) has finite order.

The corresponding result for the case of supersingular reduction, a consequence of Theorem
and Proposition [L5]is just:

Theorem 30. Let E/Q be an elliptic curve of conductor Ng. Suppose that E is either semistable
or a quadratic twist of a semistable curve. Let p > 3 be a prime at which E has good supersingular
reduction with a,(E) = 0. Suppose that (irredg) holds. Suppose also that there exists a prime
C|| Ng, £ # p, such that E[p] is ramified at ¢. If L(E,1) # 0, then

-1
—1

= [#(E/Q) - ] «

‘L(E, 1)
Z‘NE

Qp

6.2. Results when L(F,1) = 0. The Main Conjecture also has consequences when L(E, 1) = 0.
Again combining Theorem [24] and the control theorems, one can deduce:

Theorem 31. Let E/Q be an elliptic curve of conductor Ng. Let p > 3 be a prime at which
E has good ordinary or multiplicative reduction. Suppose that (irredg) holds. Suppose also
that there exists a prime { || Ng, £ # p, such that E[p] is ramified at . If L(E,1) = 0,
then #Sely,-(E/Q) = oo and so its Zy-corank is at least one. Moreover, if E does not have
split multiplicative reduction at p and ords—1L(E, s) is even and positive, then the Z,-corank of
Selpes (E/Q) is at least two.

The key point here is that if L(E,1) = 0 then gg(0) = 0, so by Lemma[4we have #S(E/Qo ) [y—
1] = co. By the arguments used to establish the control theorems we have an exact sequence

0 — Selp (E/Q) = S(E/Qu)[y — 1] = [ Ke.
lex

As the groups on the right are finite (at least if E does not have split multiplicative reduction),
then Selpe (E/Q) has infinite order if and only if S(E/Qu)[y — 1] does. The modifications of
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this argument needed to handle the case of split multiplicative reduction at p are included in
[63]. The claim about the Z,-corank being at least two follows from combining the result that
the Z,-corank being positive with the proof of the parity conjecture by Nekovar [50].

The analog of this theorem in the supersingular case is:

Theorem 32. Let E/Q be an elliptic curve of conductor Ng. Suppose that E is either semistable
or a quadratic twist of a semistable curve. Let p > 3 be a prime at which E has supersingular
reduction and a,(E) = 0. Suppose that (irredg) holds. Suppose also that there exists a prime
C|| Ng, £ # p, such that E[p| is ramified at ¢. If L(E,1) = 0, then #Selp~(E/Q) = oo and so
its Zy-corank is at least one. Moreover, if E does not have split multiplicative reduction at p and
ords—1L(E, s) is even and positive, then the Z,-corank of Selp (E/Q) is at least two.

Remark 6.2.0.a. Theorems [31] and [32| provide some evidence toward the Birch—-Swinnerton-Dyer
Conjecture. This conjecture asserts that if L(F,1) = 0 then E(Q) has positive rank, and the
fundamental exact sequence 0 — E(Q)®Q,/Z, — Sel,~ (E/Q) — LII(E/Q)[p>] — 0 then shows
that Selye (E/Q) must have Z,-corank at least one. Moreover, if the order of vanishing is at
least two, then the rank of E(Q) should be at least two and hence the Z,-corank of Sel,~(E/Q)
should be at least two. So the conclusions of the theorems agree with implications of the Birch—
Swinnerton-Dyer Conjecture. Furthermore, assuming that III(E/Q) is finite, we can conclude
the expected facts about the rank of E(Q)!

6.3. Results when ords;—; L(E, s) = 1. Suppose the analytic rank of E is 1, that is, the order of
vanishing at s = 1 of the L-function L(F, s) is 1. Then we know from the work of Gross, Zagier,
and Kolyvagin that rankz E(Q) = 1 and III(F/Q) is finite. It is even known that L'(E,1)/Qp -
R(E/Q) € Q*. What can be said regarding its conjectured value (the Birch—Swinnerton-Dyer
formula )? The following theorem is progress toward this:

Theorem 33. Let E be a semistable elliptic curve and p a prime of good reduction such that
ap(E) =0 if E has supersingular reduction at p. Suppose (irred)g holds. If E has analytic rank
one, then

-1
-1

= #I(E/Q) [] c(E/Q)

‘ L'(B,1)
p Z‘NE

QpR(E/Q)

p

A proof of this theorem is given in [32]. This proof combines the Gross—Zagier theorem [28] [74]
with Kolyvagin’s Euler system argument [41] and with the results toward the Main Conjecture
for Sppp(F/K?%S) and Theorems [29) and These arguments have been extended to the case of
multiplicative reduction by Castella [8].

6.3.1. Remarks on related results.

e Cases of Theorem |33| have also been proved by Zhang [75] and by Berti, Bertolini, and
Venerucci [3]. Each of these imposes some restrictions on the primes ¢ | Ng at which p
is allowed to divide ¢;(E/Q). Furthermore, each also appeals to Theorem

e The supersingular case of Theorem has also been proved by Kobayashi [39] as a
consequence of a remarkable result on the non-vanishing of the p-adic height of the

Heegner point when E has supersingular reduction at p. This proof, too, appeals to the
Theorems 27 and
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6.3.2. Idea of the proof of Theorem[33. We give a quick sketch of the proof of Theorem

One first chooses an auxiliary imaginary quadratic field such that the hypotheses of Theorem [25]
hold and L(E¥ 1) # 0 (so ords—; L(E/K,s) = 1). The theorems of Gross—Zagier and Kolyvagin
then give a non-torsion Heegner point yx € E(K) that generates a subgroup of finite index.
From parts (i) and (iii) of Theorem [25| together with Corollary [13|one deduces that

-2

logpk, yx| < [#Selepp(E/K) - [] c(B/Q)-5,(E)?
p LN+

1—ap(E)+p

P

Using that Sel,~ (E/K) - E(K,)®z, Q,/Z, (since the image of y has infinite order in E(K,))
together with rank; F(K) = 1, a simple Galois cohomological argument shows that

#Selppp (B/K) = #11(E/K)[p™] - [E(K.)/E(Ky)tors : Zp - yx]*.

Substituting this into the preceding inequality yields

[B(K) @22y : Zp - yx)* < |#I(E/K)[p™] - [] co(B/Q)

¢N+
P

The Gross—Zagier formula expresses % in terms of the square of the index [E(K) : Z-yx]
and ratio of the degree of the modular parametrization of E and the degree of the Shimura curve
parametrization of F (the latter gives rise to yx ). Using a result of Ribet and Takahashi on the
p-part of the latter, we can conclude that

—1

< [#UI(E/K)p™] [] c(B/K)

p ¢|Ng

‘ L(E/K,1) |7!

Qp/kR(E/K)

P

Since L(E/K,s) factors as L(E/K,s) = L(E,s)L(E¥,s), L'(E/K,1) = L'(E,1)L(EX,1). A
comparison of periods shows that since (irred) holds, Qg is a p-adic unit multiple of QpQpx«.
Furthermore, R(E/Q) is just R(E/K) since EX(Q) is finite. So we have

—1

’ L'(E/K,1)

-1 ‘ L'(E,1)
Qp/kR(E/K)

B - ‘L(EK, 1)
QpR(E/Q)

QEK

p P p

On the other hand, II(E/K)[p™] = II(E/Q)[p>|oUL(EX /Q)[p>] and [, x,, c/(E/K) equals
[y, ce(E/Q) - HK\NEK ce(EX /Q) up to a power of 2. It follows that

-1 -1

#I(E/K)p™] [] c(B/K)|  =|#1LE/Q)[p™] [] c(E/Q)

(N+ (Ng

p p

x |[#I(ES/Q)p™] T] c(E¥/Q)

LIN K »
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Combining the last three displayed equations with Theorems and for L(EX, 1) we conclude

that
—1
1

< [#UI(E/Q)[p™] [] c«(E/Q)

‘ L'(B,1)
P fNg

QpR(E/Q)

P
This is the upper bound predicted by the Birch—-Swinnerton-Dyer formula.

To achieve the predicted lower bound, we choose a possibly different quadratic field K such
that (split) and (Heeg) hold, L(E¥ 1) # 0, and p { ¢,(E/Q) for all £ | N*. Then Kolyvagin’s
Heegner point Euler system argument yields

-1

[E(K) ®z2.Zy : Ly, -y |* > |#I(E/K)[p™] - [] c(E/Q)?
ON+ »

Arguing as above we now conclude that

-1

> [#UI(E/Q)[p™] [] c(E/Q)

‘ L'(B,1)
P fNg

QuR(E/Q)

p

Equality follows.

Remark 6.3.2.a. For the argument sketched above to always apply, one actually needs to be able
to choose K so that Dk and Ng are possibly not coprime (see the first remark in Section.
This is primarily to be able to deal with the case where Ng is a prime (or FE is a quadratic twist
of a such a curve).

6.4. Converses to Gross—Zagier/Kolyvagin. If F has analytic rank one, then the theorems
of Gross, Zagier, and Kolyvagin imply that rank; E(Q) is one and III(E/Q) is finite. In particular,
the corank of Sel, (E/Q) is one. Conversely, as noted (see (BSD-crk))), admitting the conjectures
of Birch—Swinnerton-Dyer and the finiteness of the Tate-Shafarevich group, if the corank of
Selpes (E/Q) is one, then E has analytic rank one. Can this converse can be made unconditional?

The following theorem is an example of what one can prove about this:

Theorem 34. Let E be an elliptic curve over Q with conductor Ng and good ordinary reduction
at p. Suppose E is semistable. Suppose (irredg) holds. If Sel,(E/Q) has corank one, then
ords—1 L(E, s) = 1. In particular, E(Q) has rank one and II(E/Q) is finite.

This is essentially in [72]. An analog for the case of supersingular reduction is proved in [9].

The idea of the proof of Theorem [34] is as follows. One begins by choosing an imaginary
quadratic field K so that E and K satisfy the hypotheses of Theorem and L(E¥ 1) # 0.
It follows from the theorems of Gross, Zagier, and Kolyvagin that Sel,~ (E/Q) is finite, so the
corank of Selye(E/K) = Sel,«(E/Q) @ Sel,~ (EX /Q) is also one. A control theorem argument
shows that Sel,(E/K) C S(E/Kq)[y- —1] with finite index, so X (E/K2)/(v— —1)X(E/K%S)
has rank one. Then it follows from part (a) of Theorem |28| that N/(vy— — 1)N is finite. It then
follows from part (b) of the same theorem that the image of Zpeeg in

Hyg (K, T @ Zphac) /(- = 1) Hopg (K. T @ ZpAac) — Howg (K, T) = Z,.
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has finite index. But this image of Zyeey is spanned by the Heegner point yx. So yg is non-
torsion. It then follows from the Gross—Zagier theorem that ords—1L(E/K,s) = 1, and this,
together with L(EX 1) # 0, implies that ord,— L(E,s) = 1.

Remark 6.4.0.a. Variants on this theorem have also been proved by the lecturer [62] and Zhang
[75] [65] and Venerucci [69]. Such converses to Gross—Zagier were a key piece of the arguments in
[1] and [2] that show that a positive proportion of elliptic curves have both algebraic and analytic
rank one.
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