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Introduction and Notations

The problems in Part I are related to Andrew Sutherland’s lectures.
We follow the notations and definitions in the lecture notes [6], as
well as Serre’s book [4]. Following Serre [4] (and Bourbaki’s notation),
we will denote the n-dimensional projective space by P,, (and not by
P™). The problems are in different levels of difficulty. Some are there
to ensure that the students understand the basic definitions, others
are to motivate thinking and discussing some relevant mathematical
ideas. Some hints are provided, but the most helpful tool in solving
the problems will be the first 3 Chapters of [4]. There is some overlap
between the set of problems here and those in the lecture notes [6].

The problems in Part II are related to Harald Helfgott’s lectures and
we follow the notations and definitions in the lecture notes [2]. Indeed,
most of the problems in Part II are designed by Professor Helfgott.
The students benefit from refreshing their background in Basic Group
Theory before trying to solve these problems. There is a large overlap
between the set of problems here and those in the lecture notes [2].
The students are strongly encouraged to understand the lecture notes
in detail and have the notes by their sides while working on this problem
set.
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1. PARrT I, EQUATIONS OVER FINITE FIELDS

Definition of Ny (p©).
Let fo(X1,...,X,) € Z[Xy,...,X,] be a family of polynomials with
integer coefficients. If p is a prime number let N;(p°) be the number
of solutions of the equations f, = 0 in a finite field of order p®, with e
a positive integer.

1.1. Let f, be a family of polynomials with integer coefficients. Let
(fa) be the ideal of Z[Xy,..., X,] generated by the polynomials f,.
Write the above definitions of Nx(p) and Nx(pf) in the language
of commutative algebra by corresponding the points x € (F,)" with
fa(z) = 0 to the maximal ideals of Z[X1,..., X,]/(f) with residue
field IF,.

1.2. Let X be a scheme of finite type over Z. Write the above defini-
tions of Nx(p) and Nx(p®) in the scheme setting.

1.3. For polynomials f of degree d = 3 there is a one-to-one correspon-
dence between subgroups of S; and distributions of N¢(p). This is not
true for d > 4. Give an example of a polynomial of degree 3 and show
the above mentioned correspondence. Give an example of a polynomial
of degree 4 and show that there is not such a correspondence.

The zeta function

1.4. The zeta function of the scheme X is defined by the infinite prod-

uct ]
x(s) =] e
zeX
where x runs through the set X of closed points of X and |z| is the
number of elements of the residue field x(z). The product converges
absolutely for Re(s) > dimX.

1.5. Write an Euler product for the Dirichlet’s series (x(s).
Hint. Define and use

Cxp(s) :==exp (Z m> )

e=1
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1.6. Let a, be the coefficients of (x ,(s). We have the following iden-
tity:
2

t
NX(p)t+NX(p2)5 + ... =log (1 + apt + apet* +...).

Express Nx(p), Nx(p?), Nx(p*) and Nx(p?) in terms of a,’s.
Hint. This is a very easy exercise. Just use the above identity!

1.7. Let X be the reduction of a non-singular variety Y defined over
a number field K. Assume that

Pi(T)... Py, 1(T)
Zx(T) = :
x(T) Po(T) ... Pon(T)
where P; € Z[T] and P;(0) = 1. Show that the degree of P; is equal to
the Betti number b; of Y(C).

1.8. Show that if ¢ is a prime power then the Fermat curve of degree
q + 1 has ¢ + 1 rational points.

1.9. Show that for every matrix A € GL4(C) we have

e} TT,
exp (Z trA’"7> = det(1 — AT)™!
r=1

(T is a variable).

Computing Ny (p©).

1.10. Let X be given by the equation 22 4+ y? = 0. Compute Nx(p°)
for every prime number p.
Hint. The equation 22 + 12 = 0 represents the union of two lines in the

affine plane, with slopes ¢ and —i. Consider three different cases p = 2,
p=1 (mod 4) and p = 3 (mod 4).

1.11. Let N (mod p¢) be the number of solutions of 22 +3? = 0 in the
ring Z/p°Z. Show that

(i) N (mod 2°¢) = 2°.

(ii) If p=1 (mod4), then N (mod p¢) = (e + 1)p® — ep®~ L.

(iii) If p = 3 (mod 4), then N (mod p°¢) = p®if e iseven and N (mod p®) =
p¢~1if e is odd.
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1.12. (An Example of Genus 0)
Let X be the conic in the projective plane P, defined by the equation

2yt =0.

Compute Nx(p).
Remark. The easy way is to use Weil’'s Bound. Try not to use Weil’s
bound and give a direct argument.

1.13. Let X be the conic in the projective plane P5 defined by the
equation
2?42+ 22 =0,
Show that
Cx(s) = ¢(s)¢(s — 1).

1.14. (An Example of Genus 1 with Complex Multiplication)
Let X be the elliptic curve in Py given by the affine equation

=2 — 2.

Compute Nx(p).
Hint. The conductor of this curve is 2%, This curve has complex mul-
tiplication and its Q- endomorphism ring is the ring Z[i].

1.15. Let X be the elliptic curve in Py given by the affine equation

gy =23 — 22

Show that this curve has good reduction outside p = 11. What is the
conductor of y? —y =23 — 22 ?

1.16. (Genus 1 without Complex Multiplication) Let X be the
elliptic curve in P, given by the equation

T —3

Find the zeta function of X.

Hint. You may use your findings in the previous problem and the
modular form

o0

Fii(q H (1—¢")(1—q")? = ang"

n=1



5

1.17. Let X be the curve in the previous problem. Let Nx(mod p)
be the number of points of the projective curve X in the ring Z/p°Z.
Show that

(i) Nx(modp) = p* ' Nx(p) if p#11.
(ii) Nx(modp) =p® —p=! ifp=11ande > 1.

1.18. Let X be the quadratic in P3 defined by the homogeneous equa-
tion

ar? +by? + 2 +dt* =0
where a, b, ¢, d are non-zero integers. Compute Nx (p©).
Hint. Let ¢ = p°. Consider the factorization of X over F,. That
depends on whether abed is a square or not.

The Hasse-Witt Matrix

Definition. Let C//F, be a hyperelliptic curve of genus g defined by
an equation of the form y? = f(z). Let n = ”%1 and let f denote the
coefficient of z* in the polynomial f(z)". The Hasse-Witt matrix of C
is the g x g matrix W), : [w; ;] over F,, where

Wi,j -= Z;L;fj (1<i,j<q).
It is know that the characteristic polynomial y of the Frobenius endo-

morphism of Jac(C') satisfies
X(A) = (—1)Adet(W,, — AI) mod p.

1.19. Show that
trW, = t, (mod p),
where
(1) t,i=p+1—#C(F,).
Definition. ¢, defined in (1) is called the trace of Frobenius.

1.20. Use Weil’s bound to obtain an upper bound for ¢, in the previous
Exercise.

1.21. Does the trace of W, uniquely determine the integer t,.
Hint. The answer is yes when p is large enough.

1.22. Find the Hasse-Witt matrix of y? = az? + bz®.
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1.23. Prove that in each row of the Hasse-Witt matrix of y? = az®+bx®
there is at most one non-zero entry.

Weil Conjectures

1.24. Let f € Z|x] be a non-constant squarefree polynomial. Prove
that the average value of Ny(p) over p < B converges to the number
of factors of f in Z[z] as B — 0.

1.25. Let f, € F, denote a squarefree polynomial of degree d > 0
and let L,(T) denote the denominator of the zeta function Zy (T').
We know that the roots of L,(T") lie on the unit circle in the complex
plane; show that each is in fact an n-th root of unity for some n < d.
Give a one-to-one correspondence between (1) cycle-types of degree d
permutations, (2) possible factorization patterns of f, in F,[z], and (3)
the possible polynomials L,(7"). Explain why non-conjugate elements
of ps (Gal(Q/Q)) may have the same characteristic polynomial (give
an explicit example)

1.26. Construct a (not necessarily irreducible) quintic polynomial f €
Z[z] with no roots in Q for which f,(x) has a root in I, for every prime

p.

Equidistribution

1.27. Let X be a compact Hausdorff space. Show that the only set
S C X that are p-quarrable for every measure on X are the sets that
are both open and closed.

1.28. Let (x;) be a p-equidistributed sequence in X and S a p-quarrable
set in X. Show that
; 1 <
4(S) = Tim #{r, € 5:i < n}

n—oo n

1.29. Let G be a compact commutative Lie group (written multiplica-
tively) containing an element z such that the set {z" : z € N} is dense
in G. Show that the sequence (z,22% 23,...) is equidistributed with
respect to the Haar measure on G.



1.30. Compute the trace moment sequence for SU(2).

HINT: Embed U(1) in SU(2) via the map v — ( g i

its trace moment sequence. Then determine the normalizer N(U(1)) of
U(1) in SU(2) and compute its trace moment sequence.

and compute
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2. PArtT II, GROUPS

2.1. Let K = Z/pZ. Show that the group

o 1)eer)

is nilpotent.

2.2. Let K = Z/pZ. Show that the group

1 z vy
01 z)|:z2,y2€e K (Heisenberg group)
0 0 1

is nilpotent, but not abelian.

2.3. Let G be a group. Let H < G, g € G\ H and A= HU{g}. Then
|A%| < 3|A|, but A% D HgH, and HgH may be much larger than A.
Give an example with G = SLy(Z/pZ).

Hint. Let H be the subgroup of G consisting of the elements g € G
leaving the basis vector e; = (1,0) fixed.

2.4. Let G be a group. Prove that

(AUAT U] _ (A7
A : (3 A )

for every finite subset A of G. Show as well that, if A = A™! (i.e., if
g~' € A for every g € A), then

A (|A3|>’“‘2
Ela B )
Al Al

for every k > 3. Conclude that

& < k=2 (|A_3|>3(k2)
Al — |A]

for every A C G and every k > 3.
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2.5. [Orbit-stabilizer theorem for sets| Let G be a group acting on a
set X. Let x € X, and let A C GG be non-empty. Show that

Al
_1 > | .
(A7 A) N Stab(x)| > A1l
Moreover, for every B C G,

|BA| > |A N Stab(x)||Bzx|.

Hint. You may use the pigeonhole principle.

2.6. Let G be a group acting on a set X. Let x € X, and let A C G
be non-empty and B C GG. Show that

|BA| > |A N Stab(x)||Bzx|.

2.7. Let G be a group and H a subgroup of G. Let A C G be a
non-empty set with A = A~!. Prove that, for any k > 0,

|A* N H|
|A-TAN H|
Hint: Consider the action G ~ X = G/H by left multiplication, that
is, g — (aH — gaH).

AR > A

2.8. Let G be a group and H a subgroup of H. Let A C G be a
non-empty set. Then
A
AP AN H| > u
r
where r is the number of cosets of H intersecting A.

2.9. Give an example of a group G and A C G such that |A+A| < 2|A|.
Hint: Think of an arithmetic progression.

2.10. Let G be an abelian group, and A C G of bounded size. Show
that |AF < ('ﬂ‘kﬁ;l). Then conclude that for |A| fixed, |A*| grows
polynomially on k. What Can you say about the degree of this poly-

nomial?

2.11. Modify the previous problem for the special case G = Z.
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2.12. Let A= {aj,as} or A = {ay,as,a3} be a set of generators of the

Heisenberg group

H(K) = cx,y,2 € K

o O =
O = 8
— N

with K = Z/pZ. Our task, given any element g of H(K), is to find
a word of length O(p*?) = O(y/H(K)) on A equal to g. Show that
this can be done in time polynomial on logp. (Note that inverting
an element of (Z/pZ)* takes time linearly on logp, by the Euclidean
algorithm.)

2.13. Let X C F,, Y C " be given with X = -X, 0 X, 1 €Y.
Show that

L.
6Y°X| > 5 min(|X[[Y], p).

Hint. Use the following proposition from the notes:

Let G be the affine group over IF,,, U the maximal unipotent subgroup
of G, and T a maximal torus. Let A, C U, A; CT. Assume A, = A1,
e € Ay, A, and A, € {e}. Then

I
[(A7(Au))°] 2 5 min(|Au|Ad], p).

2.14. Use the previous problem to show that for any A C F, with
C < |A| < p'™¢, e > 0, we have

max(|4 - Al |[A+ AJ) > A",
where C' > 0 and 6 > 0 depend only on e.

2.15. For any Ay,..., \y € Z, and any € > 0 , prove that there is a
constant C' such that, for every prime p > C, there is a set S NI,
0 < |S| < p/2, such that

(2) [SUS +1UMSU...UNS| < (1+4€)S].

Hints: prove this for £ = 1 first; you can assume A\ = \; is > 2. Here
is a plan. We want to show that [S N (S + 1) N AS| < (1 +¢)|S|. For
1SN (S +1)| to be < (1+¢€/2)|5], it is enough that S be a union of
intervals of length > 2/e. (By an interval we mean the image of an
interval [a,b] N Z under the map Z — Z/pZ ~ F,.) We also want
SN AS| < (1+ ¢€)]S|; this will be the case if S is the union of disjoint
sets of the form V, A"V, ..., A"V, r > ¢/2. Now, in F,, if I is an
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interval of length ¢, then A~'7 is the union of X intervals (why? of what
length?). Choose V so that V,A\71V,... A7"V are disjoint. Let S be
the union of these sets; verify that it fulfills (2).

2.16. Let A > 2 be an integer. Define the Baumslag-Solitar group
BS(1, A) by
BS(1, ) = (a1, as|ayaza;* = a3).
(1) A group G with generators ay,...,a, is called amenable if, for
every € > 0, there is a finite S C G such that

|IFUGFU...UaF| < (1+¢€)|F]|.

Show that BS(1, \) is amenable.
Hint: to construct F, you may use the previous Problem.
(2) Express the subgroup of the affine group over F, generated by

PN (RN}

as a quotient of BS(1, A), i.e., as the image of a homomorphism
7, defined on BS(1, A).

(3) Displace or otherwise modify your sets F' so that, for each of
them, 7,|p is injective for p larger than a constant. Conclude

that S = m,(F') satisfies (2).

2.17. Let Ao > 2 be an integer. Let A = Ag mod p, which lies in F}
for p > Ap. Show that the diameter of the graph I', defined above is

O(Xologp).
Hint: expansion base p.

2.18. Let G, = SLy (Z/pZ). Prove that the diameter of G, with re-

spect to any set of generators A is (log ]G’p])o(l).
Hint: Use the following Theorem of Helfgott (2008):
Let G = SLy (F,,). Let A C G generates G. Then either

AP = AP

or i
(A uAdtu e) =G,
where § > 0 and k£ > 1 are absolute constants.
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