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““Death bed letter”

Dear Hardy,

“I am extremely sorry for not writing you a single letter up to now.
| discovered very interesting functions recently which I call “Mock”
9-functions. Unlike the “False” ¥-functions (partially studied by

Rogers), they enter into mathematics as beautifully as the ordinary
theta functions. | am sending you with this letter some examples.”

Ramanujan, January 12, 1920.
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“..Suppose there is a function in the Eulerian form and suppose that all or an infinity
of points ¢ = e*™™/™ are exponential singularities and also suppose that at these points
the asymptotic form of the function closes as neatly as in the cases of (A) and (B). The
~ question is: - is the function taken the sum of two functions one of which is an ordinary
theta function and the other a (trivial) function which is O(1) at all the points e*™/"? The
answer s it is not necessarily so. When it is not so I call the function Mock U-function. I
have not proved rigorously that it is not necessarily so. But I have constructed a number of
ezamples in which it is inconceivable to construct a ¥-function to cut out the singularities of
the original function.”
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B G
Revisiting’the last letter

Ramanujan’s question

_.O:mmﬂo: (Ramanujan) _
Must Eulerian series with “similar asymptotics” be the sum of a
modular form and a function which is O(1) at all roots of unity?
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~ Ramanujan’s Answer
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Revisiting the last'letter"

Numerics

As g — —1, we have

£(—0.994) ~ —1.10%, £(—0.996) ~ —1-10*, £(—0.998) ~ —6-10%,

roses1es)~ -(GOOGON
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{IRAMmanijan's deathbed:

". Revisiting the last letter

Numerics continued...

Amazingly, Ramanujan’s guess gives:

q —0,990 | —0.992 | —0.994

—0.996

—0.998

3.984...

3.992...

This suggests that

im (£(q) + b(q)) = 4

qg——1

f(q) + b(q) || 3.961... | 3.969... | 3.976...
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evisiting the'last letter;

q 0.992/ 0.994/

0.996/

f(q) 2.10° —4.6-10% | 2- 105 — 4 - 108/

1.0-102 —2-10%%;

f(q) — b(q) | ~0.05+3.85/ | ~0.04+3.8i

~ 0.03 + 3.92/

This suggests that

lim(f(q) — b(q)) = 4i.

q—i
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n| 1 2 3 4 S 6 7 8
A, 45 231 770 2277 5796 13915 30843 65550

1, 23(45: 451231, 231)252, 953, 483, 770, 770,990, 990, 1035, 1035, 1035,
1265, 1771, 202@312, 3520, 5313, 554 10395.

One sees that Aj, As, A3, A4 and Ajs are dimensions, while
Ag = 3520 +10395 and A7 = 10395+ 5796 + 5544 + 5313 + 2024 + 1771.

Conjecture (Moonshine). The Fourier coefficients A, of H(T) are given as special sums”
- of dimensions of irreducible representations of the simple sporadic group Moa.
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