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Figure: Eigenfunctions on an ellipse, picture from
”Recent progress on QUE” by P. Sarnak
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Figure 1.1. Left: one orbit of the circular billiard. Center and right: two
eigenmodes of that billiard, with their respective frequencies.
there is a conserved quantity in addition to the kinetic energy. For instance, in a circular
billiard the angular momentum of the particle is conserved. The classical trajectories are
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is broken: the geodesic flow is no longer integrable; it becomes chaotic in some regions of
phase space. We do not have any approximate formula at hand to describe the eigenmodes.
The extreme situation consists of fully chaotic billiards, like the “stadium” displayed in
Figure 1.2 (the word “chaotic” is a fuzzy notion; the results we present below will always
rely on precise mathematical assumptions).
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Figure: Eigenfunctions on the stadium, picture from
”Recent progress on QUE” by P. Sarnak
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Figure 1.2. Top left: one typical “ergodic” orbit of the “stadium”: it
equidistribues across the whole billiard. The three other plots feature eigenmodes of frequencies kn ≈ 39. Bottom left: a “scar” on the (unstable)
horizontal periodic orbit. Bottom right: a “bouncing ball” mode.
The high-frequency regime allows us to use the tools of semiclassical analysis. Indeed,
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The operator − ! 2∆ on the left-hand side is the quantum Hamiltonian governing the dynamics of a particle moving freely inside the cavity; it is the quantization of the classical
Hamiltonian (1.2). The above equation describes a quantum particle in a stationary state
2
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Figure: Eigenfunctions on a dispersing Sinai billard, picture from
”Recent progress on QUE” by P. Sarnak
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Figure: Eigenfunctions on the modular surface, picture from
”Recent progress on QUE” by P. Sarnak
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The first results on QUE were obtained in [L-S1] and [Ja] where it is established for the
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(see [P-R]) subgroup of SL2 (Z) and in particular for Y . A key point in the analysis is an explicit relation between µφ (f ) (where φ and f
are Hecke eigenforms and f is possibly a holomorphic such form, see below) and special values of related Rankin-Selberg L-functions on their critical lines. One of the primary reasons
for studying automorphic forms is that they give rise to families of L-functions generalizing
Riemann’s zeta function and having properties similar to it. Via this relation the QUE problem becomes one of estimating from above the corresponding special value. The “convexity”
bound for such values is what one gets from a simple complex analytic interpolation and it
falls just short of what is needed. For example, for the Riemann zeta function
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and a function φ ∈ C ∞ (M ) ∩ L2 (M ) is an eigenfunction for ∆ with eigenvalue λ if ∆φ = λφ. An eigenvalue is normalized if (φ(2 = 1.

Conjecture 1.1 (Quantum Unique Ergodicity; Rudnick–Sarnak). Let Γ be a
discrete subgroup of SL2 (R) such that M = Γ \H is compact. If {φi | i ∈ N}
are normalized eigenfunctions for ∆ in C ∞ (M ) with corresponding eigenvalues {λi | i ∈ N} such that λi → ∞ as i → ∞, then
|φi |2 dvolM −→ dvolM
weak*

as i → ∞.

(1.1)

The motivation for this conjecture comes from physical considerations, but
it has wide-ranging mathematical meaning. We address the motivation via a
series of questions.
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Theorem (Lindenstrauss)

Let Γ be a congruence lattice over Q, let X = Γ\ SL2 (R) and
let µ be a probability measure satisfying the following
properties:
[I] µ is invariant under the geodesic flow,
[R]p µ is Hecke p-recurrent for a prime p, and
[E] the entropy of every ergodic component of µ is positive for
the geodesic flow.
Then µ = mX is the Haar measure on X .

Theorem (microlocal lift).
Let Γ 6 SL2 (R) be a lattice, and let M = Γ\H. Suppose that (φi )
is an L2 -normalized sequence of eigenfunctions of ∆
in C ∞ (M) ∩ L2 (M), with the corresponding eigenvalues λi
satisfying |λi | → ∞ as i → ∞, and assume that the
weak*-limit µ of |φi |2 dvolM exists. If φei denotes the sequence of
lifted functions defined later, then (possibly after choosing a
subsequence to achieve convergence) the weak*-limit µ
e
of |φei |2 dmX has the following properties:
[L] Projecting µ
e on X = Γ\G to M = Γ\G/K gives µ.
[I] µ
e is invariant under the right action of A.

The measure µ
e is called a microlocal lift of µ, or a quantum limit
of (φi ).

Proposition.

For m, w ∈ sl2 (R) we have
m ◦ w − w ◦ m = [m, w]
where [m, w] = mw − wm is the Lie bracket, defined by the
difference of the matrix products. More concretely, this means
that
m ∗ (w ∗ f ) − w ∗ (m ∗ f ) = ([m, w]) ∗ f
for any f ∈ C ∞ (X ).

