
Grothendieck-Teichmüller theory

• GQ = lim←−
certain finite groups G

G

• 1→ Gal(Q̄/Qab)→ GQ → Gal(Qab/Q)→ 1

• Qab = Q(all roots of unity)

• Gal(Qab/Q) ∼= Ẑ∗ = lim←−(Z/nZ)∗

• Shafarevich conjecture ⇒ Gal(Q̄/Qab) free.
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• X is an algebraic variety over Q

• Then if Q̄(X) denotes the function field of X/Q̄

• ⋃
Y Q̄(Y ) = ˜̄Q(X) X̃ universal cover

|π̂1 π1| Y

Q̄(X) X/Q̄

|GQ |
Q(X) X/Q
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• π̂1 = Gal(˜̄Q(X)/Q̄(X) = lim←−
NEπ1

π1/N finite

π1/N

• 1→ π̂1 → Gal(˜̄Q(X)/Q̄(X))→ GQ → 1

• GQ → Out(π̂1) canonical
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Grothendieck’s Vision

• get information on GQ by using the group structure of the π1’s.

• 1) P1 − {0, 1,∞}

• 2) Genus zero moduli spaces

• 3) Moduli spaces

• χ : GQ → Ẑ∗ = lim←−(Z/nZ)∗ defined by σ(ζn) = ζ
χ(σ)
n
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Fact The GQ action on a fundamental group preserves inertia up to conjugacy.

• Inertia subgroups are cyclic: 〈α〉 ⊂ π̂1

• σ(α) = γ−1αγ

• σ(〈α〉) = γ−1〈α〉γ
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Example P1 \ {0, 1,∞}

[Drawing of points 0,1, and ∞, with loops around them labeled x,y, and z. The

loops touch the tip of a vector based at the 0 point labeled
→
01.]

• xyz = 1

• Inertia in π1(X,
→
01) is 〈x〉, 〈y〉, 〈z〉
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• GQ → Out(F̂2)

• σ ∈ GQ. Choose a lifting σ ∈ Aut(F̂2) s.t.

– σ(x) = xα

– σ(y) = f̃−1yβ f̃

– σ(z) = g̃−1zγ g̃
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• By abelianizing, we can see that α = β = γ, so σ(x) = xα, σ(y) = f̃−1yαf̃ .

• Modifying my lift by Inn(X∗), i.e. modifying the choice of ynf̃xm ...
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• ... gives another lift of σ. But in {ymf̃xn|m,n of X}, ∃ unique f which is
in F̂ ′

2.

• F̂ ′
2 = derived subgroup of F̂2.

• f ∈ ker(F̂2 → ˆmathbbZ). x 7→ 0, y 7→ 1.

• f ∈ ker(F̂2 → ˆmathbbZ). x 7→ 1, y 7→ 0.

Arizona Winter School 2005 Leila Schneps 3/12/05 9 22:30



• So to every σ ∈ GQ, I have associated a pair (α, f) ∈ Ẑ× F̂ ′
2

• α = χ(σ)
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• So GQ → Ẑ× F̂ ′
2.

• Gal(Q̂/Qab)→ F̂ ′
2

• Not a group hom with usual group law in Ẑ× × F̂ ′
2

• New group law: (λ, f) 7→ xλ, f−1yλf endomorphism of F̂2.

• F := f−1yλf . Compose endomorphisms.
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• (λ, f)(µ, g) = (λµ, fF (g))
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Interlude: Dessins d’enfants

• A combinatorial way of looking at the Galois action of

F̂2 = π1(P1 − {0, 1,∞},
→
01)

• Def A Dessin is a finite collection of vertices and edges on a topological
surface of genus g.

– Connected
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• – It cuts the surface into cells.

– You can color the vertices in 2 colors in such a way that all neighbors of
a vertex have the opposite color.
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[some children’s drawings such as a house, a stick figure, a subdivided torus]

• Dessins are in bijection with conjugacy classes of finite index subgroups of
F2, which are in bijection with finite covers of P1 − {0, 1,∞}.
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• The open finite index subgroups of F̂2 (under conjugacy) ↔ covers ↔
dessins.

• But GQ acts on the former, so it acts on dessins.
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• Goal of Dessin theory: combinatorially determine the Galois orbit of a
dessin, i.e. give combinatorial invariants of dessins which describe the
Galois orbit.
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β−1([0, 1]) X ramified only over 0, 1,∞
|β

[0, 1] P1

[Drawing of a stick figure with black and white vertices]

• Valencies:

– •(3, 1, 1, 3)

– ◦(1, 1, 4, 2)

– ∞(2, 6)

• So the set of dessins which might be in the Galois orbit is finite, since they
must have the same valency lists.
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Invariants

• Galois group of dessin: Galois group of the Galois closure of the cover
cX

|
P1 \ {0, 1,∞}


• Build up dessins by composing - creates new Galois invariants:



cX

|
P1

|
P1


• [two trees, each with a central vertex of valence 5, and its adjacent vertices

of valences 2, 3, 4, 5, and 6, but the valence 2 and 3 vertices are in opposite
orders.]

• (n, 1, . . . , 1)
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• (a1, . . . , an)

• Kotchakov: If (a1 + · · ·+ an)a1 . . . an = square, then the dessins “diameter
4 trees” break up into 2 Galois orbits: even permutations and odd
permutations of the branches.

• proved by Zappon.
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