
L. notes p. 27 wrong
Recall: GQ //Autπ //AutL

||
Q〈〈 X

↑
log x

, Y
↑

log y

〉〉

ρ−→
01

: X = log x→ log xχ(σ) = χ(σ)X

§5 Cohomology

§5.1 Extension

0 // B // E // Ql
// 0 : exact GQ−modules

e 7−→
trivial

1
Map(GQ, B) 3 [G 7→ G(e)− e] is a 1-cocycle
⇒ [E] ∈ H1(GQ, B)
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GQ
ρ−→01→ AutL ⊂ Q〈〈 X

↑
log x

, Y
↑

log y

〉〉

︸ ︷︷ ︸
∈ π(l)

X
σ→ χl(σ)X

∈ L
↓

Y → χl(σ)f−1
σ Y fσ

∈
↑

A× = Ql〈〈X, Y 〉〉×
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e 7→ 1
0→ B → E → Ql → 0

||
trivial GQ−module

:GQ−mod
[E] ∈ Ext1GQ

(Ql, B)
||

H1(G, B) = cocycle
GQ → B

σ 7→ σ(e)− e

Arizona Winter School 2005 Matsumoto 3/15 3 8:00



§5-2 Soulé’s Cocycle

H1(GQ, Ql(m)) =

0 m ≥ 2 even

Ql m ≥ 3 odd
∃ χm

m≥3 odd
: GQ → Ql(m) called Soulé’s cocycle

Definition: OMIT
0→ Ql(m)→ Em → Ql → 0
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H1(GQ, Ql(m)) =

0 m : even ≥ 2

Ql m : odd ≥ 3
Soulé’s Cocycle:
χm : GQ → Ql(m)
0→ Ql(m)→ Em → Q0 → 0 (Unique nontrivial extension up to mult. by Ql)
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§5.2 Extension from π

Def’n: Ql(m) = Ql but GQ acts by χ(σ)m (m ∈ Z) “mth Tate module”

0 →H→ L → QX → 0

0 → L′ →H→ QY
|o

Q(1)

→ 0

X

H ↓Y 0 → L′ ⊗ Ql(−1)
=L(−1)

→H⊗ Ql(−1)
Y⊗(−1)

→ QlY ⊗ Ql(−1)
Y⊗1−1

→ 0

L′ ↓[X, Y ]

[X, [X, Y ]]

H2 3[Y, [X, Y ]] → [π1] ∈ H1(GQ,L(−1))

..

. As a cocyle, [π1] is: σ(Y ⊗ 1−1)− Y ⊗ 1−1

H3 3[Y, [Y, [X, Y ]]] = χ(σ) · f−1
σ Y fσ ⊗ χ(σ)−11−1 − Y ⊗ 1−1

∩
H2 = (f−1

σ Y fσ − Y )⊗ 1−1
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X L

↓ H1 Y

[X, Y ] ↓ L′ 0→ H1 → L → QlX → 0

[X, [X, Y ]]

0→ L′
||

[L,L]

→ H1 → QlY
|o

Ql(1)

→ 0 (∗)

Def. Ql(m) ' Ql · 1(m)

GQ 3 σ y χl(σ)m · 1(m)
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GQ y M M(m) := M ⊗Ql
Ql(m)

~⊗ (−1)

0→ L′(−1)→ H1(−1)→
Ql
|o

Ql(Y )(−1)→ 0
Y ⊗ 1(−1) 7→ Y ⊗ 1(−1)

σ : σ(Y ⊗ 1(−1))− Y ⊗ 1(−1) −→ χ(σ)f−1
σ Y fσ ⊗ χ(σ)−11(−1)

7−→ (f−1
σ Y fσ − Y )⊗ 1−1
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5.3 Soulé’s Cocycle

quotient of (∗)
0 → L′/(H3 + L′′) (−1) →H/(H3 + L′′) (−1) → QlY (−1) → 0 (∗/ ∼)

↑
Basis: [X, Y ], [X, [X, Y ]], [X, [X, [X, Y ]]], · · ·

[Y, [X, Y ]]
o

Ql(3)

, [Y, [X, [X, Y ]]]
o

Ql(4)

, · · ·

σ : [X, Y ] 7→ [X, [Fσ , Y ]]

P := H2/(H3 + L′′) ' ⊕
m≥3

Ql(m)

GQ-mod  ∈ H1(GQ, P ⊗ (−1))

∵) cocycle for (∗/ ∼) is

σ 7→ (f−1
σ Y fσ − Y )⊗ 1(−1)

||
exp(−ad(Fσ)·Y )⊗1(−1)

⊂ L′/(H3 + L′′) (−1) (Fσ := log fσ)

(Y − [Fσ , Y ] + 1
2!

[Fσ , [Fσ , Y ]]− · · · − Y )⊗ 1(−1)

||| mod L′
[Y, Fσ ]⊗ 1(−1) ⊂ H2/(H3 + L′′)(−1)
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(∗/ ∼)

0→ L′/(H3 + L′′)(−1)→ H/(H3 + L′′)(−1)→ QlY (−1)→ 0⋃
P := H/(H3 + L′′) '

∏
m≥3

Ql(m) (GQ-mod.)
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cocycle: σ 7→ (f−1
σ Y fσ − Y )⊗ 1(−1) mod (∼)

Fσ
∈L

:= log(fσ)

σ(Y )− Y = f−1
σ Y fσ − Y

= exp(ad(−Fσ)) · Y

= Y − [Fσ, Y ] +
1
2!

[Fσ, [Fσ, Y ]] + · · ·︸ ︷︷ ︸
∈L′′

− Y mod(∼)

⇒ [Y, Fσ]
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K : σ 7→ [Y, Fσ]⊗ 1(−1) ∈ P

So if Fσ ≡
H2+L′

:
∑

m≥2

cm−1,1(σ)
(m−1)! [X, [X, · · · [X, Y︸ ︷︷ ︸] · · · ]]

m
:=Vm

mod H2

its mth component is

Km : σ 7→ cm−1,1(σ)
(m−1)! [Y, Vm]⊗ (−1) ∈ Ql(m)

Th. Anderson Coleman Ihara

cm−1,1(σ) = (1− lm−1)χmσ

χm(σ) :

ζ
χm(σ)
M ←−

∼

∏
a∈(Z/ln)×

(σ
(
(σ−1(ζa

ln)− 1)
1

M

)(
ζa
ln − 1

) 1
M

)am−1
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K : σ 7→ [Y, Fσ
∈L′

]⊗ 1(−1) ∈ H2/ ∼ = P '
∏

Ql(m)

So Fσ must have at least 1 Y .

Fσ ≡
H2+L′′

∑ cm−1,1(σ)
(m−1)! [X, [X, · · · [X, Y︸ ︷︷ ︸] · · · ]]

length m
:=Vm

Km : σ 7→ cm−1,1(σ)
(m−1)! [Y, Vm]⊗ 1(−1)

∈ H1(GQ, Ql(m)) P(−1) →→ Ql(m + 1)(−1)
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Th. cm−1,1(σ) = (1− lm−1)−1χm(σ)
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