
χ(σ) ∈ Ẑ×

fσ ∈ F̂ ′2

3-2 fσmodN = [F̂2, F̂2]
N := H ′

1 //HN
// F̂2

//
additive

Z/N //0

∈

〈xN , y, x−ayxa(a ∈ Z/N)〉
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covering group =
Z/N

0
◦

•ζN

0
◦

1
◦

0 1

ζa
N

ζN

a

x

0 1

z · · · HN x−ayxaXN

t = zN · · · F2X
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H :=
⋂

N∈N
ĤN = Ker(F̂2 → Ẑ

y 7→0
x7→1

)

∪
F̂ ′2 z = t

1
N

fσ ∈ ĤN/Ĥ ′
N = π1(XN ,

−→
01)ab

' Gal(Q({z 1
M ,

ua
||

(ζa
N − z)

1
M |M ∈ N, a ∈ Z/N})/Q(z))

ua = (ζa
N − t

1
N ) ∈ Q(t

1
N )
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x−byxb(u
1

M
a ) =

ζMu
1

M
a a = b

u
1

M
a a 6= b

fσ
∈HN /H′

N

: t
1

NM 7→ t
1

NM

u
1

M
a 7→ ζ

∈Z/M︷ ︸︸ ︷
κN,a(σ),M
M u

1
M
a

lim←−
M

κN,a(σ),M
∈Z/M

:= κN,a(σ)

∈Ẑ
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fσ mod H ′
N = Π

a∈Z/N
(x−ayxa)κN,a(σ)

Ĝ 3 g

Ẑ 3 n̂⇒ gn̂

ζ
κN,a(σ),M

M = σ(σ−1(ζa
N )− 1)

1
M (ζa

N − 1)−
1

M

Corollary: fσ mod H ′ = lim←−
N→∞

Π
a∈Z/N

(x−ayxa)κN,a(σ) .

lim←−HN/H ′
N = H/H ′
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4. Lie alg-tion of π1 = F2

4-1 Malcev compl. F2 OMIT
′′

−−−− F
(l)
2 := lim←−

[F̂2: N
open

]=la

F̂2/N � F̂2

GQ
� � // Aut F̂2

// Aut F
(l)
2
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π := F
(l)
2 3 x, y

Def: A := Q(l)〈〈X, Y 〉〉
= {a∅1 + aXX + aY Y + aXY XY + aY XY X}

Def: π
� � gp. hom

Lazard
//Ax

x
� // exp(X) cont => extoo

y
� // exp(Y )

xln

n→∞
//1
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exp(X + Y ) 6= exp(X) · exp(Y )
=

Y,X comm.

exp(X)n = exp(nX) n ∈ Z

xln � // exp(X)ln exp(lnX)
ln→0

//1 (in Ql)
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π
� � // G � � Malcev

completion
A×

(gp.) exp(L)

L = Ql Lie algebra generated by X, Y completed [X, Y ] = XY − Y X

∈Ql︷︸︸︷
aX X + aY Y + a[X,Y ][X, Y ] + a[Y,[X,Y ]][Y, [X, Y ]]
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GQ //Aut F
(l)
2

//Aut G
group

∼ //Aut L
Lie

χl : GQ → Ẑ× =
∏

Z×l →pr.
Z×l

Lie alg-tion of Gal. Rep.

s−→
01

(σ) : X := log x 7→ log(xχ(σ)) =χl(σ) log(x) = χl(σ)X

Y := log y 7→ log(f−1
σ yχl(σ)fσ) =fσχl(σ)

∈Ql

log(y)f−1
σ = χl(σ)f−1

σ Y fσ
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