
• K = Q (Assume)

1 // π1(X,
−→
01) // π1(X,

−→
01) // G(Q/Q) //

∃sx

aa 1

Gal
(
M−→

01
/Q(t)

)
G

(
M−→

01
/Q(t)

)
π1(Spec Q, Q)
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§2 Galois Action

2-1 If x : Q-rat’l ∈ X

∃sx (OMIT)

2-2 If x =
−→
01 X = P1 \ {0, 1,∞}/Q

t→ C
s−→
01

: GQ → G
(
Mx/Q(t)

)
M−→

01
: ➀ germ around (0, ε)

➁ an. cont.
➂ alg.
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M−→
01

↪→ Q{{t}} :=
⋃

N∈N
Q((t

1
N ))

act atx
coeff

G

∈

⋃
h ∈ Q((t

1
N )) Q((t))

0 1

GQ
s−→01−→ G

(
M−→

01
/Q(t)

) Id−→ G
(
Q(t)/Q(t)

) ∼= GQ
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ρ−→
01

: GQ → Aut(π1(X,
−→
01))

σ 7→ s−→
01

(σ)( )s−→
01

(σ)−1

x y

−→
01

−→
10

(profinite completion) F2̂ := π1(X,
−→
01) = 〈x, y〉̂

Theorem: ρ−→
01

(σ) : x 7→ xχσ , χσ ∈ Ẑ×

y 7→ f−1
σ yχσfσ ∈ [F̂2, F̂2]

Arizona Winter School 2005 Matsumoto 3/13-1 4 12:00



2-3 Groupoid

0 1p

π1(Xan;
−→
01,
−→
10)

��

3 p
_

��
IsomQ(t)(M−→

01
,M−→

10
)

� v

))RRRRRRRRRRRR
3 p

πalg
1 (X;

−→
01,
−→
10) Q{{(1− t)

1
N }}

GQ (called ρ−→
01,
−→
10

)

cc
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ρ−→
01,
−→
10

(σ)(p) := s−→
10

(σ) ◦ p ◦ s−→
01

(σ)−1 ∈ Gal
(
M−→

01
/Q(t)

)
||
p ◦ (fσ) ∈ π1(X,

−→
01) ↔ 1 cocycle

Q(1− t) Q(t)
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x ∈ Gal
(
M−→

01
/Q(t)

)
3 h

h =
∞∑

i=−n

ait
i
N

x7−→
∑

aiζ
i
N t

i
N

t
i
N

x7−→ ζN t
i
N = exp( 2πi

N )

x

y

ρ−→
01

(σ)(x) := σxσ−1 (σ = s−→
01

(σ))
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h ∈M−→
01

h
� σ−1

// ∑
i σ−1(ai)t

i
N

_

x

��∑
σ−1(ai)ζi

N t
i
N

� σ // ∑ aiσ(ζi
N )t

i
N (σ(ζi

N ) = ζ
χ(σ)i
N )

GQ 3 σ aσ,N ∈ (Z/N)×

σ(ζN ) = ζN
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(aσ,N ) ∈ lim←−
N

(Z/N)×

||
χ(σ) ∈ Ẑ×

ρ−→
01

(σ)(x) := xχ(σ)

p γ−→
10

2y = p−1 ◦ γ−→
10
◦ p

⇒ ρ−→
01

(σ)(y) =

f−1σ p−1︷ ︸︸ ︷
σ
↑

s−→01

p−1σ−1 σ
↑

s−→10

γ−→
10

σ−1

↑
s−→10

pfσ︷ ︸︸ ︷
σpσ−1

↑
s−→01

= f−1
σ p−1γ

χ(σ)
−→
10

p︸ ︷︷ ︸
yχ(σ)

fσ
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ρ−→
01

: GQ ↪→ Aut(F̂2) (Bely̌ı)

§3. GQ y F̂2/N a quotient
fσ mod N ∈ F̂2

3-1 N := [F̂2, F̂2] := F̂ ′
2

Ex. 1 fσ ∈ F̂ ab
2

||
1
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F̂2
∼

��

Gal
(
M−→

01
/Q(t)

)
��

F̂2/N
∼ Gal

(
M

N
−→
01

/Q(t)
)

||
If N = F̂ ′

2 then Q(t
1
N , (1− t)

1
N |N ∈ N)

fσ : t
1
N 7−→ t

1
N

(1− t)
1
N 7−→ (1− t)

1
N
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fσ = p−1σpσ−1 (Recall definition!)

� σ

t
1
N

σ−1 //t
1
N //(1− (1− t))

1
N = (1− 1

N (1− t) + . . . )
Taylor expansion
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