
Galois Representations on π1 and its Lie alg-tion
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1. π1 as a Gal.
X alg. var/K ⊆ C
Xan analytification
x ∈ Xan
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1 // πalg
1 (X,x) // πalg

1 (X, x) // πalg
1 (Spec K, x) // 1

π1(Xan, x)
·

· OO

Gal(K/K)

o

Aut(K/K)
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1.1 Mx

Mx := {germs of meromorphic fct. around x}
↑ (analytic sense)⋃

|

{those can be analytically continued to whole Xan

as multi-valued function}

⋃
|

{those algebraic over K(X)}=:Mx
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Ex. Xan = C \ {0} t−→ C K = Q, K(X) = Q(t)
x = 1

• e
1
t ∈Mx

• t
1
N = exp( 1

N log t) can be analytically continued

γ

1=x

z = t
1
N

� γ //ζN t
1
N

ζN = exp( 2πi
N )

• zn − t = 0

• (t− 1)
1
N cannot be analytically continued
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• Mx : the maximal algebraic extension of K(X)
unramified over x

• π1(Xan, x)→ Gal
(
Mx/K(X)

)
γ 7→ γan
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• Fact ∀N C π1(Xan, x)
MN

x

π1(Xan, x)/N ∼ //Gal
(
MN

x /K(X)
)

Grothendieck’s Riemann Existence Thm.
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lim←− Gal
(
MN

x /K(X)
)
' Gal

(
Mx/K(X)

)
||o

lim←−
N

π1(Xan, x)/N =: π1(Xan, x)̂
profinite completion

=: πalg
1 (X,x)

X := X ⊗
K

K
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• Mx ⊇ K(X) ⊇ K(X)
↖ ↗

Galois

1 // G
(
Mx/K(X)

)
// G

(
Mx/K(X)

)
// G

(
K(X)/K(X)

)
// 1

πalg
1 (X,x)

o

πalg
1 (X, x)

o

G
(
K/K

)o

π1(X, x)̂
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• X = P1 \ {0, 1,∞} G
(
K(X)/K(X)

)
= G

(
Q(t)/Q(t)

)
' G

(
Q/Q)

)
x = 1 (t = 1)

• Mx = Q(t
1
N ∈Mx|N ∈ N) K(X) = Q(t)

• to fix t
1
N ∈Mx is to fix a branch of t

1
N so that t

1
N at 1 = x is 1 (ζN )
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Mx ⊇ Q(t
1
N |N ∈ N) ⊇ Q(t)

Ẑ

o

π1(X, x)̂ ∼ //

∼

((RRRRRRRRRRRRRR
Gal

(
Mx/Q(t)

)
∼

����
Gal

(
Q(t

1
N |N ∈ N)/Q(t)

)
o

Ẑ = lim←−Z/NZ
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1.2
−→
01-tangential base point X = P1 \ {0, 1,∞}

10

−→
01

• M−→
01

:= { germs of meromorphic functions defined around (0, ε) for some
ε > 0 }⋃

|
{ those that can be analytically continued to X }⋃
|

M−→
01

= { those algebraic/K(X) = Q(t) }
||o (non canonically)
Mx
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1 // G
(
M−→

01
/K(X)

)
// G

(
M−→

01
/K(X)

)
// G

(
K(X)/K(X)

)
// 1

π1(X,
−→
01) πalg

1 (X,
−→
01) G(K/K)

o
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