
Periods

M : P =
5∑
i=1

xi − 5ψ
5∏
i=1

xi = 0 in P4

is Calabi-Yau:

ci = 0 ⇔ ∃ a holomorphic (3, 0)− form Ω

xi → αnixi, α5 = 1,
∑

ni = 0 mod 5

G ∼= Z3
5
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P → P +
∑

cvx
v, xv =

∏
xvi
i ,

∑
vi = 5, v 6= (1, 1, 1, 1, 1)

v

(1, 1, 1, 1, 1) 1

(4, 1, 0, 0, 0) 20

(3, 2, 0, 0, 0) 20

(3, 1, 1, 0, 0) 30

(2, 2, 1, 0, 0) 30

(2, 1, 1, 1, 0) 20 interior to codim 1 faces of ∆

(5, 0, 0, 0, 0) 5 vertices

xi → xi + ξi(x), P (x) → P (x+ ξ) = P (x) + ξiPi(x), I = (Pi(x))
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h2,1 = 101

hp,q =

1

0 0

0 1 0

1 101 101 1

0 1 0

0 0

1
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Ω =
1

2πi

∮
εijklmx

idxjdxkdxldxm

P (x)
=
εijklmx

idxjdxkdxl

∂P (x)/∂xm

Canonical set of coordinates:
∫
Tj

Ω

Example:

f0 =
−5ψ

(2πi)3

∫
C2×C3×C4

x1dx2dx3dx4

∂P/∂x5

where
Ci = {|xi| = ε}
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f0 =
−5ψ

(2πi)4

∫
C2×···×C5

x1dx2 · · · dx5

P
=

−5ψ
(2πi)5

∫
C1×···×C5

dx1 · · · dx5

P
=

=
−5ψ

(2πi)5

∫
C1×···×C5

dx1 · · · dx5

−(5ψ
∏
xi)(1−

∑
x5

i

5ψ
∏
xi

)
=

=
1

(2πi)5

∫
C1×···×C5

dx1 · · · dx5∏
xi

∞∑
r=0

(
∑
x5
i )
r

(5ψ
∏
xi)r

=
∞∑
m=0

(5m)!
m!5

λm; λ =
1

(5ψ)5
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If θ = λ d
dλ , then Lf0 = 0 for L = θ4 − 5λ

∏4
i=1(5θ + i).

Periods can also be realized as ∫
Γ

d5x
xm

P 1+ 1
5deg m

where Γ = C1 × · · · × C5, Ci a contour around {Pi = 0}, m any monomial of
degree divisible by 5.

The xv, Qxv where Q = x1x2x3x4x5 transform in a certain way under G.

1 → Q→ Q2 → Q3 are associated to the 4 solutions of L.

xv → Qvv give 100 differential equations Lv of degree 2.

1
5
d

dψ

1
P

=
Q

P 2
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It suffices to consider ∫
d5x

{
1
P
,
Q

P 2
,
Q2

P 3
,
Q3

P 4

}
and ∫

d5x

{
xv

P 2
,
Qxv

P 3

}
These satisfy

Lv = θ(θ − 1 + cv)− 55λ(θ + av)(θ + bv)

which is

2F1(av, bv, cv, ψ−5)
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v (av, bv, cv)

(4, 1, 0, 0, 0) (2/5, 3/5, 1)

(3, 2, 0, 0, 0) (1/5, 4/5, 1)

(3, 1, 1, 0, 0) (1/5, 3/5, 4/5)

(2, 2, 1, 0, 0) (1/5, 2/5, 3/5)
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We want to solve L$ = 0, we use the method of Frobenius

$(λ, ε) =
∞∑
n=0

An(ε)λn+ε

Since
θλm = mλm

we get
(n+ ε)4An(ε)− 5

∏
i

(5(n+ ε)− 5 + i)An−1(ε) = 0

An(ε) =
5(n+ ε)

∏4
i=1(5(n+ ε) + i− 5)
(n+ ε)5

An−1(ε)

An(ε) =
Γ(5n+ 5ε+ 1)
Γ5(n+ ε+ 1)

Γ5(ε+ 1)
Γ(5ε+ 1)
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$ and its first 3 derivatives solve the differential equation.

$0 = f0

$1 = f0 log λ+ f1

$2 = f0 log2 λ+ 2f1 log λ+ f2

$3 = f0 log3 λ+ 3f1 log2 λ+ 3f2 log λ+ f3
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Problem:

Consider P (x) = 0, x ∈ F5
p, ψ ∈ Fp, p 6= 5.

Let ν(λ) = #{P (x) = 0|x ∈ F5
p}, λ = 1

(5ψ)5 . How does it vary with λ?

Write ν = ν0 + ν1p+ ν2p
2 + ν3p

3 + ν4p
4, 0 ≤ νi ≤ p− 1.

ν =
∑
x∈F5

p

(1− P (x)p−1) =
[p/5]∑
m=0

(5m)!
m!5

λm

Arizona Winter School 2004 Candelas 3/13 11 48:21


