Definitions and Notation:
o M ~ 7% is a lattice, N = Hom(M, 7Z),
e A pairing (x,%): M X N — Z.
e A finite subset A = {vy,..., v} C M.
e The vector space Mr = M ® R.
e A =Conv(A) C Mg is the convex hull of A in Mg.
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e Special /Regular Case: dim A = d — 1 such that Ju € N
with (u,v;) =1 foralli=1,2,... n.

e General case with dim = d can be reduced to

a regular case with dim = d + 1:

AN N N
w N =
N— N N

And a new pairing: (z,y) — Z.
e Take a polytope A C Mg to A = Conv((1,A)).
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e Example: Take A = [0,n] NZ into the line y = 1 in RZ.

e Reverse process: General case of dimension d to

a regular of dimension d — 1 by restriction.

m

e Main Idea: A Laurent polynomial f(z) = >, -4
with a,, € K, so f € k[M] ~ k[zT*, ..., zF"].

n

A, L

o Could take k =R, C,F,, etc.
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e Consider affine space ALA| C Ak#(AmM).

e A=Conv(A), AC(ANM).

e A contains all the vertices of A.
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Non-Degeneracy:

e Open condition: For any face § C A,
define fo(x) = >, cona amX"™.

e Definition: f is A-nondegenerate if for any face,

d
d.ri

Jo=zi—fo=0

has no solutions for all 7 in the torus over k.
e Example: A=1{0,1,...,n} €Z, f(z)=> a;z".

A = [0,n], Faces: [0,n],{0},{n}, with aga,, # 0,
and f(z) = f'(x) = 0 has no solutions.
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Toric Geometry: T? C Pa.
e A={vy,...,vp}. Assume {v; — v1} generate M.
e Embed T¢ ¢ PMI=1 via 2 — (2% -+ 1 %),
o Td — Pa, PA = ProjSa.
e A cone Ca C Mg, generated by (1,v1),...(1,v,).

e The semigroup ring of Ca N M under addition:
K[CA M M] = SA.

e For our previous example: {(1,0),...,(1,n)}.
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Geometric Interpretation

e Take Z; C T defined by f = 0,
compactification gives Z; and Pa.
o Pn=Uyca T,

e Define Zf,g — Tgime M Z—f C Tgim@ defined by f@.
Hypersurfaces are smooth of codimension 1.
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Example
e Take A = Conv({(0,0),(0,n),(n,0)}).
o Pp ~ P? — print)/2-1
e 7y — Z; curve of degree n.
o Z; =0,i=0,1,2, the line is P?.

e The curve Z—f N ¢; 1s transversal.
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Commutative Algebra
e A—Fy,....F, €S8, CSa C K[z, i=1,...,d.

® F() = :U()f(llj‘), F,L = ZEZ%FO

e Theorem: f is A-nondegenerate iff Fy,..., Fy is a regular

sequence in Sa.

e i.e. multiplication by Fj is injective
for all 7 in SA/<F0, ce ,F,L'_1>SA.

e Sa is a Cohen-Macaulay ring of Krull dimension d + 1.

e For the triangle example, Fy = xf(x), F1 = :1:0:1:%.
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~

o Take N, N =7Z& N.
e Embed M — M by 2™ — dm”’m.

m

° Identify M K = Ql(Td)(l)
o Lie(T%) ~ N ® K, Lie(T%!) = N.
o Sa(*,—)®A*N.
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Koszul Sequence

e We have a sequence
- — SA(—2) — Sa(—1) — Sa, corresponding to
.= SA(=2) @ A2N — SA(—1) @ A'N — Sa @ A°N
e Take a basis u1,...,uqgyr1 of N.
o ASTIN: d(uiy A--- Ay, ) is given by
> io(=1)8u, Fo Awiy Ao At A== A,

i=0

o Differential 0, Fp = >, _4{(1,m),u)q,,x1™.

e Theorem: Koszul complex is acyclic except for degree ¢ = 0.

o Hi(Co(H)) = Sna/(Fy,...,Fi_1)Sa = 5.
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Determinant of a Complex
e R is an integral domain, K = Frac(R).

e Take a complex of locally free R-modules
= Cf = Cpm1 — - — C1 — Gy

which is exact after tensoring with K.
e det(Cy) C k is an R-module.
e For length 1: 0 — C; — Cy — 0.
e (1 ®k and Cy ® k are vector spaces of rank 1.

e det(C) = det(change of base matrix).
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