K Arithmetic/Geometric

finite extension

purely transcendental

k = Prime Field/Algebraically Closed Field
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Case 3 k=0Q
Fact Let K /g be an arithmetic function field then:

1. td(K/g) = d <=

(v t1,...tas2 € Kqu,.. t,.,) is universal over K(v/—1)
and

311,...,tqgye € K such that qu, .. ¢,..)

does not represent 0 over K (1/—1)

\
i.e. by a conjunction of a V4 and dVd sentence

2. Let (t1,...,tq) be a transcendence base (TB) then 3 “many”

ai,...,aq,a,b € N such that q¢, 4, +,—a,) does not represent 0 over

K(v-1)
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Proof Idea Cohomology of finitely generated fields and Milnor conjecture
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Theorem A K, L arithmetic function fields, K = L, then

1. d separable field embeddings K —— L and K —— K
2. If K is of general type — K =1L

Proof(Case Char K = 0)

e Choose t1,...,tq,a,b such that g, . . ¢, q.p) 18 universal but does not
represent 0 over K (1/—1) where d = td(K/q)

e Choose x € K such that K = Q(t1,...,tq, )
o Let P(T1,...,T4,X) be the defining polynomial relation over Q
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e (Consider the sentence WV:

)
dz1,...,24, T such that P(x1,...,24,2) =0

{ and

| 9(z1,...,x4,a,b) 18 universal but does not represent() over K(v/-1)

e KEU — LEV

e Thus Juy,...,uq € L, y € L such that P(uy,...,uq,y) =0 and
Q(us,....qq,a,b) 15 universal but does not represent 0 over L(v/-1)

e Since td(L/g) =d (Why?) it follows U — 1,...,uq is a TB of L/q

e Since P(T1,...,Ty,x) is irreducible over Q =

(t1,...,tq, ) — (u1,...,uq,y) defines a field embedding K —— L
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Suppose K is of general type

“Introduction to general type”

o td =1
g9=0  —
Not of general type
g=1 —
g>1

e Theorem K of general type, ¢ : K — K embedding = ¢ isa

k-isomorphism
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o j: K . <, K  Q-embeddings

e Let k = K NQ = k=" be the constants

e Then k/q is finite

e j maps k into itself thus j|x : K —— k is an isomorphism (Why?)
e Therefore 4 n such that j°" : K —— K is a k-embedding

e Therefore j°" is a 7777k-isomorphism

e j is a field isomorphism

e ¢, i’ are isomorphisms
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Questions/Comments
1. What about case td(L/g) =1, K = K(X) with gx =0 or 17

2. What about elementary equivalence and Galois descent?

e K, L, arithmetic function fields
o K =1
e k prime field

e Let k'/; be (big enough) Galois extension such that K - k' &2 L -k’ as a
field

e Show K = L
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Case K/} geometric function field
k algebraically closed field
K/, L/ function fields with K = L

First Approximation

e Choose (t1,...,tq) separable TB of K/

e Choose z € K such that K = k(t1,...,tq,x) and
P(Ty,...,Ty, X) € K|T1,...,Ty, X] irreducible defining relation of x

e Let R = kl|ay,...,a,] be sufficiently large of finite type over k over which
“K /i is defined”

(ko ) QUOt(R) KO — ko(tla .. ,td,il}) then K = Kok ..

Arizona Winter School 2003 Pop 3/17 9 46:50



o Set R="FE[z1,...,20]/(f1....f.2)

o U: Jay,...,ay, d21,...,24, dr such that:
filar,...,an) == fn(al,...,a,) =0
and P «—— (a1,...,a,) and

and P(z1,...,74,7) =0
and
q%’xl ) universal but does not represent 0 if £ = [,

q(z1,...,z4) Universal but does not represent 0 if k=0Q
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e Interpret ¥ in L:

34b1,...,b,,u1,...,uq,y € L such that ---

e Unfortunately (uq,...,up) is a separable TB of L/
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Want a field embedding K <—— L via V¥

e Problem 1 b4,...,b,, are possibly not in &
e Problem 2

e Suppose by a supplementary sentence W, one can impose bq,...,b, are
in k
e Then define
p: R ~ k

(Oél,...,Oén) — (bl,...,bn)

e The let P = Ker(p)
e X =Spec R|x1,...,Tm,x]/p —> Spec R
e Then X9 =X xp K(p)
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e Finally we get a function field embedding:
Ky =K(X,) — L
A

A

=
—~~
<
N—"
N
Y
I C

e Is p always injective?
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e Problem 1 YES k is definable in K
e Problem 27 7 ?

e Question 1 What about definability of £ in K if K is real or p-adically
closed

e Question 2 What about Problem 27
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