Manin-Mumiford A semi-abelian variety, Char(K)=0, X CA

subvariety = X N Tor(A) is a finite union of translates of semi-abelian

varities.
e May assume 0 € X, X NTor(A) is Zariski dense in X
e Want that X is an algebraic subgroup

e Proposition (4.4) A semi-abelian, ¢ : A —— A seperable isogeny,
X CA ¢(X)C X,0€e X, X generates A, Stab(X) =0 — ¢" =id for

SOo1me n
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o All over k = # field

e Lemma (4.1) 30 € Gal (K/K), P(T) € Z[T] with no roots of unity
among its roots such that Tor(A) C Ker (P(c)) where
P(o): A(K) — A(K)

e (K,o0) is a difference field
e H :=Ker (P(0)) is a definable subgroup
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Reduction

e H < A is a difference definable subgroup of A

e P(TY=T"+a, (T" '+ - +ag

e et AT=Ax---xA

o Let m: A™ —— A be the projection to the 15t coordinate.

e Let ¢ be the algebraic endomorphism of A™

Q5(£U0, s 73371—1) — (33073317 vy In_2, —A1LL — " — an—lxn—l)

e (4.2) P(¢) =0 and so Vr ¢" — id is an isogeny of A"
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(4.3a) d semi-abelian subvariety B C A™ defined over k and irreducible

subvariety X’ C B (over a finite extension of k) such that:
l. 1lp:B— A
2. ¢|p : B — B is an isogeny
3. o™ (X’) C X’ for some m
4. m(X") C X' is Zariski dense.

Y
el
il

X' <
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Proof

o Let HH={rec A" | (&) =o0(7)}
e Hy = {(z,0(x),...,0" *z)) | ze€H}
e B=connected component of Zariski closure of H; in A"
(Assume H; C B)
e m(H)N X is Zariski dense in X
e et Y =01 X)NHys0¢(Y)CY
e Let X’ = irreducible component of Y such that 7(X’) C X is Zariski dense
e ¢"(X') C X' for some m
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Case 1

X' is an algebraic subgroup of B — X is an algebraic subgroup of A
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Case 2

e Otherwise let S := Stabp(X’)
e Then S is ¢"-invariant

I

X'/8

A

B/S

positive dimensional with

trivial stabalizer

e By (4.2) for every r, ¢"" — 1 is an isogeny of B/S
e Contradiction to (4.4)
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