
• k a char 0 field

• X a smooth variety/k of dimension d

• f : X - A1
k

• Look at Yn := {y ∈ L(X) | val(f(φ)) = n}

• Yn depends only on image of φ in Ln(X)
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• Yn := π−1
n (X−n)

• X−n := {Y ∈ Ln(X) | valf(φ) = n}

• µ(Yn) = [X−n]
L(n+1)d

• L(X)(K) = X(K[[t]])

• Ln(X) = X
(
K[[t]]/tn+1K[[t]]

)
• L0(X) = X L1(X) = TX
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• Consider Zmot =
∑

n≥1 L−ndTn

motivic analog of Igusa’s series

• Consider h : Y - X log-resolution of f = 0

•
∣∣h−1

(
f−1(0)

)∣∣ =
⋂

i∈J Ei

• EI , Eo
I , I ⊆ J

• h−1
(
f−1(0)

)
=

∑
i∈J NiEi νi
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Proposition (Denef-Loeser)

Zmot = L−d
∑
I⊆J

[Eo
I ]

∏
i∈I

(L− 1)L−νiTNi

1− L−νiTNi

Proof Follows from the change of variables formula
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• Setting T = L−s for s ∈ N

Zmot

(
L−s

)
= L−d

∑
I⊆J

[Eo
I ]

(L− 1)L−νi−sNi

1− L−νi−sNi

• =⇒ Zmot (L−s) ∈ Mk[ 1
[Pi

k]
]i≥1 =: Ml,loc

where [Pi
k] = 1 + L + · · ·+ Li

• Eu may be extended to Mk,loc Eu : Mk,loc
- Q

• =⇒ Eu(Zmot (L−s)) = Ztop,f
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Remark 1

•
Eu(X−n) =

∧
(Mn,H• (F,C))

• Mn is the monodromy operator

• F is the Milnor fibre at 0

•
∧ (Mn) =

∑
(−1)−iTr

(
Mn,Hi

)
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Remark 2

X−
fn - Gm,k = A1

k \ 0

φ - ac(f(φ)) = coefficient of tn in f(φ)

Contains a lot of information
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X, X ′ birational Calabi-Yau

X ′′

X � h
X ′

h′ -
X ′′ smooth
h, h′ birational

Compute

µ (L(X)) ===
∫

K(X′′)

L−Ord(jac(h))

µ (L(X ′))

wwwwwwwwwwww
==

∫
K(X′′)

L−Ord(jac(h′))

from hypothesis

wwwwwwwww
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• =⇒ µ (L(X)) = µ (L(X ′))

• =⇒ [X]
Ld = [X′]

Ld

• X smooth so µ (L(X)) = [X]
Ld

• So [X] = [X ′] in Mk
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If X , X ′ are k-equivalent, meaning that:

∃ X ′′

X � h
X ′

h′ -

such that h∗Ωd
X = h′

∗Ωd
X′

Then =⇒ [X] = [X ′] in Mk
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• Take X smooth, h : Y - X with exceptional locus DNC

• µ (L(X)) = L−d
∑

I⊆J [Eo
I ]

∏ L−1
Lνi−1 = [X]

Ld

• =⇒ Eu(X) =
∑

I⊆J Eu(Eo
I )

∏
i∈I

1
νi

• First proved by p-adic integration

• Also follows from weak factorization
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If X is singular, similarly

• µ (L(X)) = L−d
∑
Eo

I

∏ L−1
Lνi−1

• Eu(µ (L(X))) ∈ Q
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• h : Y - X birational proper

• Y \ E ∼= X \ F E,F codimension 1

• L(Y ) \ L(E) ∼= L(X) \ L(F )

• L(E), L(F ) have infinite co-dimension
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In µ (L(X)) Xsing counts:

&%
'$

   
   

   
  

`````````̀

L(Xsing) has infinite
co-dimension but arcs with ori-
gin in ourXsing and generic point
outside count
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For free:

• If X = Ad
k and K = #-field

• For all most all p

Np(Zmot,f )(T ) =
∫

Rd
p

|f |sp|dx|p

• T = q−s q = |kp|
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Also you have Qmot a rational series in MK [[T ]] such that

Np(Qmot) = Qp

for almost all p where Qp is the corresponding Igusa series on Kp
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• Question: Do we have a similar result for Serre’s series?

• Take X a variety over Zp

• Nn :=
∣∣X (

Zp/pn+1Zp

)∣∣
• Ñn :=

∣∣Im (X(Zp)) in X
(
Zp/pn+1Zp

)∣∣
• Q(T ) =

∑
n≥0 NnT

n

• P (T ) =
∑

n≥0 ÑnT
n
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Geometric Analogue of Ñn

X(Zp) - X
(
Zp/pn+1Zp

)

L(X)
?

6

πn - Ln(X)

Consider Pmot(T ) =
∑

n≥0 [πn (L(X))]Tn
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Remark: [πn (L(X))] makes sense since πn (L(X)) is constructible

3 Proofs

1. Pas Quanitfier Elimination

2. Hironaka

3. Greenberg’s Theorem
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Theorem (Greenberg) ∀n ≥ 0 ∃γ(n) ≥ n such that

πn (L(X)) = Im
(
πγ(n)Lγ(n)(X) - πnLn(X)

)
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Theorem (Denef-Loeser) The series Pmot(T ) is rational in Mk[[T ]]
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• Take X defined over K a number field

• In general Np(Pmot) 6= Pp(T )

• φ ∈ Ln(X)

• φ ∈ Ln(X)(K)

• φ ∈ πn (L(X)) if ∃ψ ∈ L(X)(K ′) such that πn(ψ) = φ
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