
• k a field

• Vark =varieties/k =schemes of finite type/k separated and reduced

• Ko(Vark) quotient of the free abelian group on isomorphism classes of
Vark by the relation [S] = [S′] + [S \ S′] for S′ closed in S

• Ring structure on Ko(Vark) [S][S′] = [S × S′]

Arizona Winter School 2003 Loeser 3/16 1 0:45



• Ko(Vark) is universal additive (and multiplicative) invariant

• Example: k = C Eu : Ko(Vark) - Z
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Example: Hodge polynomial for Char k = 0

• X is smooth and projective

• hp,q := dimkHq (X, Ωp)

• H(X) :=
∑

(−1)p+qhp,q(X)upvq ∈ Z[u, v]

• Deligne =⇒ H has unique extension to a ring morphism
H : Ko(Vark) - Z[u, v]

• k = C Eu(X) = H(X)(1, 1)

• Bittner (using weak factorization) gives very efficient criteria to extend an
invariant from smooth projective schemes to Ko(Vark) (Char k = 0)

• E ⊆ X, Ẽ ⊆ BlEX = Y X(X)− X(E) = X(Y )− X(Ẽ)
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• Example: Invariant for Char k = 0

XC : Ko(Vark) - Ko(ChMotk)

(Gillet/Soulé, Guillen/Navaro-Aznev)

• Example: k = Fq

N : Ko(Vark) - Z

[S] - |S(Fq)|

• Example: k = #-field, S variety/k

Np(S) := |S(kp)| defined for almost all p

N : Ko(Vark) -
Q

p Z
⊕pZ
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Theorem (Poonen):

If Char k = 0 then Ko(Vark) is not a domain

Uses factorization by L Ko(Vark) - Ko(Vark)/L

Ko(Vark) � - Z

Mk
� - Z[

1
p
]

Mk = Ko(Vark)[L−1] L := [A1
k]
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• Θ : Ko(Vark) - Mk

• Don’t know whether Θ is injective or not
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• take X to be a variety over k

• X(n) =

n−times︷ ︸︸ ︷
X × · · · ×X /σn

• Kapranov: Is Z(T ) :=
∑

n≥0[X
(n)]Tn a rational series?

• Larsen-Lunts: For most surfaces (Char k = 0) Z(T ) is rational in
Ko(Vark)[[T ]]

• Uses Ko(Vark)/L

• Question: Is Z(T ) rational in Mk[[T ]]
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Lemma

If k = Fq, then N(Z(X)(T )) = ZHW (X)(T ) ∈ Z[[T ]] where:

ZHW (X)(T ) = exp

∑
n≥1

Nn(X)
n

Tn


with Nn = |X(Fqn)|

(Dwork) ZHW is rational
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Qp
� - k((t)) C((t))

Zp
� - k[[t]]

Integration on C((t))m with values in Mk or M̂k (Kontsevich)

Ko(Vark) � - Z

Mk
� - Z[

1
p
]

M̂k

?

∩

� - R
?

∩

• In R p−i - 0 as i - ∞

• In M̂k L−i - 0 as i - ∞
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• FmMk subgroup generated by [S]
Li with i− dimS ≤ −m

• 1
Lm ∈ F−mMk and Fm+1 ⊆ Fm

• FmFm′ ⊆ Fm+m′

• M̂k is the completed ring with respect to the filtration F

• Not known whether Θ : Mk
- M̂k is injective or not

• Mk := Θ (Mk)

• H (so Eu) factors through Mk
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• X variety over k

• X (k[[t]])

• L (X) k-scheme such that for every field K ⊇ k

L(X)(K) = X(K[[t]])

• If X = Am
k = Spec(k[x1, . . . , xm]) xi =

∑∞
j=0 aijt

j

• L(X) = Spec(k[aij ])

• If X ⊆ Am
k is defined by fα = 0 then L(X) is defined by

fα (x1(t), . . . , xm(t)) = 0

• =⇒ equations in terms of the aij ’s
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• Replacing k[[t]] by k[[t]]/tn we get Ln(X) which is of finite type over k

• πn : L(X) - Ln(X)
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• Assume X is smooth

• Take A ⊆ Ln(X) a constructible set

• Remark: [A] ∈ Ko(Vark)

• C := π−1
n (A) cylinder

• µ(C) := [A]
L(n+1)d where d = dimX
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• If A′ =pre-image of A in Ln+1(X) C = π−1
n+1(A

′)

• Should check: [A′]
L(n+1)d = [A]

L(n+1)d

• This is OK because X being smooth, Ln+1(X) - Ln(X) is a Zariski
function with fibre Ad

k
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• We can arrange a measure for semi-algebraic subsets of L(X)

• Assume X = Am
k

• Consider Pas language:

Sorts - K value field ring language
- k residue field ring language
- Γ value group Presburger language

• + · val : k \ 0 - Γ

•
·ac : K - k

x - residue class of t−val(x)x in k

0 if x = 0
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• If Char k = 0 K = k((t)) satisfies QE in Pas language

• Semi-algebraic subsets of X are the definable subsets in Pas language

• Semi-algebraic subsets have a measure in M̂k
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Theorem (Denef-Loeser)

Consider h : Y - X a birational proper morphism of varieties with Y

smooth. Take A ⊆ L(X) measurable, α : A - N a function then∫
A

L−αdµ =
∫

h−1(A)

L−α◦h−ord(jac(h))dµ

where ∫
A

L−αdµ :=
∑
i≥0

L−−ivol
(
α−1(i)

)
∈ M̂k

and ord(jac(h)) at an arc φ ∈ L(Y ) is the order of the jacobian of h at φ.

h : Ln(Y ) - Ln(X)
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