e k a field
e Var; =varieties/k =schemes of finite type/k separated and reduced

e K, (Vary) quotient of the free abelian group on isomorphism classes of
Var by the relation [S] = [S’] + [S\ §’] for S’ closed in S

e Ring structure on K,(Vary) [S][S'] =[S x 5]
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e K,(Vary) is universal additive (and multiplicative) invariant

e Example: k =C Eu:K,(Vary) — Z
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Example: Hodge polynomial for Char k=10

e X is smooth and projective
o W1 :=dim;H? (X, QP)
e H(X) :=> (—1)PTipP9(X)uPv? € Zlu,v]
e Deligne = H has unique extension to a ring morphism
H : K,(Vary) — Z[u,v]
e k=C Eu(X)=H(X)(1,1)
e Bittner (using weak factorization) gives very efficient criteria to extend an

invariant from smooth projective schemes to K,(Vary) (Char k= 0)

e FECX,ECBIgX =Y X(X)-X(E)=X(Y)-X(F)
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e Example: Invariant for Char £ =10
Xc : K,(Vary) — K,(ChMoty)
(Gillet /Soulé, Guillen/Navaro-Aznev)
e Example: £ =T,

N : K,(Vary) Z

[S] 1 - [S(Fy)]
e Example: k = #-field, S variety/k
N, (S) :=|S(kp)| defined for almost all p

N : K, (Vary) — =2
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Theorem (Poonen):

If Char k =0 then K,(Vary) is not a domain
Uses factorization by L. K,(Vary) — K,(Vary)/L
KO(Vark) > 7

My, < Z| -]

1
p

My, = Ko (Vary)[L™!] L := [Ay]
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e O:K,(Vary) — M;

e Don’t know whether © is injective or not
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e take X to be a variety over k

N —times
A

° X<n):3(X---XX/0n

e Kapranov: Is Z(T) := ano[X(n)]Tn a rational series?

e Larsen-Lunts: For most surfaces (Char k = 0) Z(T) is rational in
K, (Varg)[T]

e Uses K,(Vary)/LL
e Question: Is Z(T') rational in M [T]
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Lemma

If K =F,, then N(Z(X)(T)) = Zuw (X)(T') € Z|T'] where:

Zpw (X)(T) =exp| >

n>1
with N, = | X (F,»)]

(Dwork) Zgw is rational
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Ly =

Integration on C((¢))™ with values in M, or My, (Kontsevich)

K,(Vary) ~— Z

J\Trk « Z[%]
My < R

eInR p*—>0asi — 0

oIan L= ——> 0asi —» o0
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o F"M,; subgroup generated by [H%] with ¢ — dimS < —m
e — € F~™M;, and F™t1 C F™

o FMF™ C it

e M is the completed ring with respect to the filtration F
e Not known whether © : M, — My is injective or not

o ﬂk = 0O (Mk)
e H (so Eu) factors through M,
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e X variety over k

o X (k[t])

e L (X) k-scheme such that for every field K D k
LX)(K) = X(KTt])

o If X = A" = Spec(k[r1,...,xm]) == " gayt?

o L(X) = Spec(k|ai;])

o If X C AT" is defined by f, = 0 then L(X) is defined by
fa(x1(t),...;xm(t)) =0

e —> equations in terms of the a;;’s
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e Replacing k[t] by k[t] /i we get L,,(X) which is of finite type over k
o m,: L(X)— L,(X)
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e Assume X is smooth

o Take A C L,,(X) a constructible set

¢ Remark: [A] € K,(Vary)

o C:=m 1A cylinder

o u(C) = L(T[L%]l)d where d = dim X
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o If A’ =pre-image of A in £,,11(X) C=m (4

e Should check: —A1 _ — _[A]

L(n—l—l)d L(n—}—l)d

e This is OK because X being smooth, L,,11(X) — L, (X) is a Zariski
function with fibre A¢
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e We can arrange a measure for semi-algebraic subsets of L(X)
o Assume X = A"
e Consider Pas language:
Sorts —— K  value field ring language
— k  residue field ring language

— I' value group Presburger language

e + - val:k\0O—T

-ac : K

\
™

T | » residue class of t_Val(”)

rin k

Oifx =0
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e [f Char k=0 K = k((t)) satisfies QE in Pas language
e Semi-algebraic subsets of X are the definable subsets in Pas language

e Semi-algebraic subsets have a measure in My
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Theorem (Denef-Loeser)

Consider h : Y —— X a birational proper morphism of varieties with Y
smooth. Take A C L(X) measurable, a : A —— N a function then

/ L—Oﬁdu — / L—Ozoh—ord(jac(h))du
A h—=1(A)

/AL_O‘d,u = ZL__ivol (a (i) € M

i>0

where

and ord(jac(h)) at an arc ¢ € L(Y) is the order of the jacobian of h at ¢.
h:L,(Y) — L,(X)
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